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Including world-sheet orientation-reversing automorphisms in the orbifold program, we re-
cently reported the twisted operator algebra and twisted KZ equations in each open-string
sector of the general WZW orientation orbifold. In this paper we work out the correspond-
ing classical description of these sectors, including the WZW orientation-orbifold action –
which is naturally defined on the solid half cylinder – and its associated WZW orientation-
orbifold branes. As a generalization, we also obtain the sigma-model orientation-orbifold
action, which describes a much larger class of open-string orientation-orbifold sectors. As
special cases, this class includes twisted open-string free boson examples, the open-string
WZW sectors above and the open-string sectors of the general coset orientation orbifold.
Finally, we derive the orientation-orbifold Einstein equations, in terms of twisted Einstein
tensors – which hold when the twisted open-string sigma model sectors are 1-loop confor-
mal.
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2
1 Introduction
In the last few years there has been a quiet revolution in the local theory of current-algebraic
orbifolds. Building on the discovery of orbifold affine algebras [1, 2] in the cyclic permutation
orbifolds, Refs. [3-5] gave the twisted currents and stress tensor in each twisted sector of
any current-algebraic orbifold A(H)/H - where A(H) is any current-algebraic conformal
field theory [6-13] with a discrete symmetry group H . The construction treats all current-
algebraic orbifolds at the same time, using the method of eigenfields and the principle of
local isomorphisms to map OPEs in the symmetric theory to OPEs in the orbifold. The
orbifold results are expressed in terms of a set of twisted tensors or duality transformations,
which are discrete Fourier transforms constructed from the eigendata of the H-eigenvalue
problem.
More recently, the special case of the WZW orbifolds
Ag(H)
H
, H ⊂ Aut(g) (1.1)
was worked out in further detail [14-17], introducing the extended H-eigenvalue problem
and the linkage relation to include the twisted affine primary fields, the twisted vertex
operator equations and the twisted KZ equations of the WZW orbifolds. Ref. [17] includes
a review of the general left- and right-mover twisted KZ systems. For detailed information
on particular classes of WZW orbifolds, we direct the reader to the following references:
• the WZW permutation orbifolds [14-16]
• the inner-automorphic WZW orbifolds [14, 16]
• the (outer-automorphic) charge conjugation orbifold on su(n ≥ 3) [15]
• the outer-automorphic WZW orbifolds on so(2n), including the triality orbifolds
on so(8) [17].
Ref. [15] also solved the twisted vertex operator equations and the twisted KZ systems
in an abelian limit‡1 to obtain the twisted vertex operators for each sector of a large class
of orbifolds on abelian g. Moreover, Ref. [16] found the general orbifold Virasoro algebra
(twisted Virasoro operators [1, 19]) of the WZW permutation orbifolds and used the general
twisted KZ system to study reducibility of the general twisted affine primary field. Recent
progress at the level of characters has been also reported in Refs. [20, 1, 21, 22].
In addition to the operator formulation, there have been a number of discussions of
orbifold geometry at the action level. In particular, Ref. [14] also gave the general WZW
orbifold action, special cases of which are further discussed in Refs. [15, 17]. The general
‡1An abelian twisted KZ equation for the inversion orbifold x→ −x was given earlier in Ref. [18].
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WZW orbifold action provides the classical description of each sector of every WZW orbifold
in terms of the so-called group orbifold elements with diagonal monodromy, which are the
classical (high-level) limit of the twisted affine primary fields. Moreover, Ref. [23] gauged
the general WZW orbifold action by general twisted gauge groups to obtain the general
coset orbifold action, which describes each sector of the general coset orbifold Ag/h(H)/H .
Finally, the geometric description was extended in Ref. [24] to include a large class of
sigma-model orbifolds and their corresponding twisted Einstein equations.
In Ref. [25], the orbifold program was extended beyond the space-time orbifolds above
to construct a new class of orbifolds called the WZW orientation orbifolds
Ag(H−)
H−
, H− ⊂ Aut(g ⊕ g) (1.2)
where H− is any automorphism group which contains world-sheet orientation- reversing
automorphisms. The orientation-orbifold sectors which arise by twisting the orientation-
reversing automorphisms are twisted open WZW strings, each of which comes with an
extended Virasoro algebra (which is in fact an orbifold Virasoro algebra) at twice the original
closed-string central charge. The twisted open-string KZ equations of the WZW orientation
orbifolds combine salient features of the untwisted open-string KZ equations [26] and the
closed-string twisted KZ equations [14-17] of space-time orbifold theory.
The present paper supplements the operator construction of Ref. [25] by discussing
the target-space geometry of open-string orientation orbifold sectors. In particular, we
begin by constructing the WZW orientation orbifold action for each open-string sector of
Ag(H−)/H−. This action, which is a functional of appropriate group orbifold elements,
is naturally defined on the solid half-cylinder. In a generalization, we also obtain the
sigma-model orientation orbifold action, which describes a much larger set of open-string
orientation orbifold sectors – including the open-string WZW orientation orbifold sectors as
well as the open-string sectors of the general coset orientation orbifold. The corresponding
orientation-orbifold Einstein equations are also worked out – which hold when the twisted
open-string sigma model sectors are one-loop conformal.
The less technically-inclined reader may prefer to look first at Subsec. 5.6, where we
discuss the simple case of twisted open-string free boson actions – which result from the
twisting of closed strings on abelian g.
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2 Group Elements and Group Orbifold Elements
2.1 Orientation-Reversing Automorphisms
To fix notation, we begin with the affine Lie algebra [27, 28, 6, 12] associated to Lie(g⊕ g)
[Ja(m), Jb(n)] = ifab
cJc(m+ n) +mGabδm+n,0 (2.1a)
[J¯a(m), J¯b(n)] = ifab
cJ¯c(m+ n) +mGabδm+n,0 (2.1b)
[Ja(m), J¯b(n)] = 0, m, n ∈ Z, a, b, c = 1, . . . , dim g (2.1c)
g = ⊕IgI , fabc = ⊕If Ia(I),b(I)c(I), Gab = ⊕IkIηIa(I),b(I) (2.1d)
where gI is any simple compact Lie algebra, fab
c are the structure constants of g and
Gab is the generalized metric of affine g. The local currents on the cylinder 0 ≤ ξ ≤ 2π
corresponding to these modes are:
Ja(ξ, t) =
∑
m
Ja(m)e
−im(t+ξ), J¯a(ξ, t) =
∑
m
J¯a(m)e
−im(t−ξ) . (2.2)
For the classical dynamics of this paper, we will need the standard‡2 equal-time bracket
form of affine (g ⊕ g), including the brackets with the WZW group elements g(T )
{Ja(ξ, t), Jb(η, t)} = 2πi (fabcJc(η, t) +Gab∂ξ) δ(ξ − η) (2.3a)
{J¯a(ξ, t), J¯b(η, t)} = 2πi
(
fab
cJ¯c(η, t)−Gab∂ξ
)
δ(ξ − η) (2.3b)
{Ja(ξ, t), J¯b(η, t)} = 0 (2.3c)
{Ja(ξ, t), g(T, η, t)} = 2πg(T, η, t)Taδ(ξ − η) (2.3d)
{J¯a(ξ, t), g(T, η, t)} = −2πTag(T, η, t)δ(ξ − η) (2.3e)
{Ja(ξ, t), g−1(T, η, t)} = −2πTag−1(T, η, t)δ(ξ − η) (2.3f)
{J¯a(ξ, t), g−1(T, η, t)} = 2πg−1(T, η, t)Taδ(ξ − η) (2.3g)
[Ta, Tb] = ifab
cTc, T r(MTaTb) = Gab, [M,Ta] = 0, [M, g(T, ξ, t)] = 0 (2.3h)
g(T ) = {g(T )αβ}, Ta = {(Ta)αβ}, α, β = 1, . . . , dim T (2.3i)
where T is any matrix rep of Lie g. As shown in Eq. (2.3h), the representation matrices T
are normalized with the invertible data matrix M [14]
M ≡M(k, T ) = ⊕I kI
y(T I)
, T = ⊕IT I , g(T, ξ, t) = ⊕IgI(T I , ξ, t) (2.4)
‡2Our brackets are rescaled by an i so that [ , ]→ {, }.
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which records the affine levels {k} of each simple component of g and the Dynkin indices
{y} of rep T . The group elements are 2π-periodic
g(T, ξ + 2π, t) = g(T, ξ, t) (2.5)
and we will also introduce the following tangent-space form of the group elements
g(T, ξ, t) = eiβ
a(ξ,t)Ta , βa(ξ + 2π, t) = βa(ξ, t) (2.6)
where βa, a = 1 . . .dim g are the tangent-space coordinates.
Then the classical (high-level) limit of the affine primary fields g(T, z¯, z), g(T¯ , z, z¯)T of
Ref. [25] on the sphere translate into the following forms of the group elements on the
cylinder
g(T, z¯, z) −→ g(T, ξ, t) = eiβa(ξ,t)Ta (2.7a)
g(T¯ , z, z¯)t −→ g(T¯ ,−ξ, t)t = eiβa(−ξ,t)T¯ ta = e−iβa(−ξ,t)Ta = g−1(T,−ξ, t) (2.7b)
T¯ ≡ −T t, (T ta)αβ ≡ (Ta)βα (2.7c)
where superscript t is matrix transpose.
With the correspondence (2.7), we may then read off from Ref. [25] the cylinder form
of the general world-sheet orientation-reversing automorphism hˆσ = τ1 × hσ ∈ H− of affine
(g ⊕ g)
g(T, ξ, t)′ = W (hσ;T )g
−1(T,−ξ, t)W †(hσ;T ) (2.8a)
g−1(T,−ξ, t)′ =W (hσ;T )g(T, ξ, t)W †(hσ;T ) (2.8b)
βa(ξ, t)′ = −βb(−ξ, t)ω†(hσ)ba, βa(−ξ, t)′ = −βb(ξ, t)ω†(hσ)ba (2.8c)
Ja(ξ, t)
′ = ω(hσ)a
bJ¯b(−ξ, t), J¯a(ξ, t)′ = ω(hσ)abJb(−ξ, t) (2.8d)
ω(hσ)a
cω(hσ)b
dGcd = Gab, ω(hσ)a
dω(hσ)b
efde
c = fab
dω(hσ)d
c (2.8e)
W †(hσ;T )TaW (hσ;T ) = ω(hσ)a
bTb (2.8f)
ω(hσ)ω(hσ)
† = 1l, W (hσ;T )W
†(hσ;T ) = 1l (2.8g)
[W (hσ;T ),M(k, T )] = 0 (2.8h)
where ω(hσ),W (hσ;T ) are the actions of hσ ∈ Aut(g) in the adjoint rep and in matrix
rep T respectively. The linkage relation [14] in Eq. (2.8f) guarantees the consistency
6
of Eqs. (2.8a,b) with (2.8c) and (2.8d). In what follows, we deal exclusively with the
orientation-reversing automorphisms (2.8), which lead to open-string sectors. We remind
the reader however that H− always contains an equal number of orientation-preserving
automorphisms, which leads to an equal number of closed-string sectors in each orientation
orbifold.
Following the two-component notation of Ref. [25], we can further define a matrix group
element and its tangent-space coordinates:
g˜(T, ξ, t) ≡
(
g(T, ξ, t) 0
0 g−1(T,−ξ, t)
)
= eiβ
aI˙(ξ,t)TaρI˙ (2.9a)
ρ0 =
(
1 0
0 0
)
, ρ1 =
(
0 0
0 1
)
, T r(ρI˙ρJ˙ ) = δI˙ J˙ , ρI˙ρJ˙ = δI˙ J˙ρI˙ (2.9b)
βa,0(ξ, t) ≡ βa(ξ, t), βa,1(ξ, t) ≡ −βa(−ξ, t), βaI˙(ξ + 2π, t) = βaI˙(ξ, t) (2.9c)
g˜(T,−ξ, t) = τ1g˜−1(T, ξ, t)τ1 (2.9d)
βaI˙(−ξ, t) = −βaJ˙(ξ, t)(τ1)J˙ I˙ (2.9e)
[τ3, g˜(T, ξ, t)] = [M ⊗ 1l2, g˜(T, ξ, t)] = 0 (2.9f)
g˜(T, ξ, t)′ = τ1W (hσ;T )g˜(T, ξ, t)W
†(hσ;T )τ1 (2.9g)
g˜−1(T, ξ, t)′ = τ1W (hσ;T )g˜
−1(T, ξ, t)W †(hσ;T )τ1 (2.9h)
βaI˙(ξ, t)′ = βbJ˙(ξ, t)ω†(hσ)b
a(τ1)J˙
I˙ (2.9i)
W †(hσ;T )TaW (hσ;T ) = ω(hσ)a
bTb, τ1ρI˙τ1 = (τ1)I˙ J˙ρJ˙ , I˙ , J˙ ∈ {0, 1} . (2.10)
Here ~τ are the Pauli matrices, and the automorphic response (2.9g) of the matrix group
element is the same as that of the matrix affine primary field in Ref. [25]. The linkage
relations in (2.10) guarantee the consistency of Eqs. (2.9g,h) with (2.9i). The corresponding
two-component form JaI˙(ξ, t) = (Ja(ξ, t), J¯a(−ξ, t)) of the currents is discussed in Ref. [25].
We call attention to the behavior under world-sheet parity ξ → −ξ of the matrix group
element in (2.9d) and the tangent-space coordinates in (2.9e). These relations tell us that
the strip 0 ≤ ξ ≤ π is the natural fundamental range for the two-component variables. In
what follows we often suppress the time label t.
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2.2 Eigengroup Elements
The orientation-reversing automorphisms in Eq. (2.9) are now in the proper form required
for the orbifold program, which follows the dotted line in the commuting diagram [3, 24]
of Fig. 1.
g˜
✟
❄
Ug˜U † = G
❄
✻
Gˆ
G
U GˆU † = gˆ
❄
✻
gˆ
Each vertical double arrow is a local isomorphism
g˜ = Lie group elements: mixed under automorphisms
G = eigengroup elements: diagonal under automorphisms
gˆ = group orbifold elements
Gˆ = group orbifold elements with twisted boundary conditions
Fig. 1: Group and group orbifold elements
In particular, our next task is the construction of the eigenfields G, for which we will
need the analogues of the H-eigenvalue problem of Ref. [5] and the extended H-eigenvalue
problem of Ref. [14]:
ω(hσ)U
†(σ) = U †(σ)E(σ), E(σ)n(r)µ
n(s)ν = δn(r)µ
n(s)νEn(r)(σ) (2.11a)
W (hσ;T )U
†(T, σ) = U †(T, σ)E(T, σ), E(T, σ)N(r)µ
N(s)ν ≡ δN(r)µN(s)νEN(r)(T, σ) (2.11b)
δn(r)µ
n(s)ν ≡ δµνδn(r)−n(s),0mod ρ(σ), δN(r)µN(s)ν ≡ δµνδN(r)−N(s),0mod R(σ) (2.11c)
U †(σ) = {U †(σ)an(r)µ}, U †(T, σ) = {U †(T, σ)αN(r)µ} (2.11d)
En(r)(σ) ≡ e−2πi
n(r)
ρ(σ) , EN(r)(T, σ) ≡ e−2πi
N(r)
R(σ) . (2.11e)
Here ρ(σ) and R(σ) are the orders of hσ in the adjoint rep and rep T respectively. The
unitary eigenvector matrices U †(σ), U †(T, σ) are periodic
n(r) → n(r)± ρ(σ), N(r) → N(r)± R(σ) (2.12)
in their respective spectral indices n(r) and N(r), and the same is true below for any object
with these indices. In what follows, the barred quantities n¯(r) and N¯(r) are the pullbacks
of the spectral indices to their fundamental ranges
n¯(r)
ρ(σ) =
n(r)
ρ(σ) − ⌊n(r)ρ(σ)⌋, N¯(r)R(σ) = N(r)R(σ) − ⌊N(r)R(σ)⌋ (2.13a)
n¯(r) ∈ {0, . . . , ρ(σ)− 1}, N¯(r) ∈ {0, . . . , R(σ)− 1} (2.13b)
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where ⌊x⌋ is the floor of x. Explicit solutions of these eigenvalue problems are given in
Refs. [3,5,14-17].
For this discussion, we will also need the standard duality transformations [3, 5, 14] or
twisted tensors of sector σ
Gn(r)µ;n(s)ν(σ) ≡ χ(σ)n(r)µχ(σ)n(s)νU(σ)n(r)µaU(σ)n(s)ν bGab
= Gn(s)ν;n(r)µ(σ) = δn(r)+n(s),0mod ρ(σ)Gn(r)µ;−n(r),ν(σ) (2.14a)
Fn(r)µ;n(s)νn(t)δ(σ)≡ χ(σ)n(r)µχ(σ)n(s)νχ(σ)−1n(t)δU(σ)n(r)µaU(σ)n(s)νbfabcU †(σ)cn(t)δ
=−Fn(s)ν;n(r)µn(t)δ(σ)=δn(r)+n(s)−n(t),0mod ρ(σ)Fn(r)µ;n(s)νn(r)+n(s),δ(σ) (2.14b)
Tn(r)µ(T, σ) ≡ χ(σ)n(r)µU(σ)n(r)µaU(T, σ)TaU †(T, σ) (2.14c)
En(r)(σ)
∗Tn(r)µ(T, σ) = E(T, σ)Tn(r)µ(T, σ)E∗(T, σ) (2.14d)
[Tn(r)µ(T, σ), Tn(s)ν(T, σ)] = iFn(r)µ;n(s)νn(r)+n(s),δ(σ)Tn(r)+n(s),δ(T, σ) (2.14e)
M(T (T, σ), σ) ≡ U(T, σ)M(k, T )U †(T, σ) (2.14f)
[M(T (T, σ), σ), Tn(r)µ(T, σ)] = [M(T (T, σ), σ), E(T, σ)] = 0 (2.14g)
T̂ r
(M(T (T, σ), σ)Tn(r)µ(T, σ)Tn(s)ν(T, σ)) = Gn(r)µ;n(s)ν(σ) (2.14h)
which are well-known in ordinary (space-time) current-algebraic orbifold theory. Listed
here in particular are the twisted structure constants F(σ), the twisted representation
matrices T (which satisfy the orbifold Lie algebra gˆ(σ) in (2.14e)), and the (invertible)
twisted data matrix M – where χ(σ)n(r)µ are arbitrary normalization constants. These
duality transformations have been evaluated [3,5,14-17] for all basic orbifold types, except
for a few outer-automorphic orbifolds of Z2 type. In the case of permutation-invariant
systems
g = ⊕gI , gI ≃ g, kI = k, T I ≃ T (2.15)
one has M(k, T ) ∝ 1l and the twisted data matrix satisfies M(T , σ) = M(k, T ).
We are now in a position to define the eigengroup elements
G(T , ξ, σ) ≡ UU(T, σ)g˜(T, ξ)U †(T, σ)U † =
(
G(0)(T , ξ, σ) G(1)(T , ξ, σ)
G(1)(T , ξ, σ) G(0)(T , ξ, σ)
)
(2.16a)
G(u)(T , ξ, σ) ≡ 12U(T, σ)
(
g(T, ξ, t) + (−1)ug−1(T,−ξ, t))U †(T, σ), u¯ = 0, 1 (2.16b)
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G
−1(T , ξ, σ) = τ3G(T ,−ξ, σ)τ3 =
(
G(0)(T ,−ξ, σ) −G(1)(T ,−ξ, σ)
−G(1)(T ,−ξ, σ) G(0)(T ,−ξ, σ)
)
(2.16c)
[τ1, G(T , ξ, σ)] = [M(T , σ)⊗ 1l2, G(T , ξ, σ)] = 0 (2.16d)
U = U † ≡ 1√
2
(
1 1
1 −1
)
, τ1U
† = U †τ3 (2.16e)
which (like the matrix group elements) are also two-component fields. The eigengroup
elements are the high-level limits of the eigenprimary fields of Ref. [25]. Here U † plays the
same role in the two-dimensional space that U †(T, σ) plays in the space of rep T , and the
product U †(T, σ)U † plays the role of the total U † shown in Fig. 1. The form of the inverse
in (2.16c) follows directly from Eq. (2.9d), but further non-local quadratic relations can be
obtained by comparing this form with (2.16a).
The eigengroup elements are defined to diagonalize the action of the automorphism hˆσ:
G(T , ξ, σ)′ = τ3E(T, σ)G(T , ξ, σ)E∗(T, σ)τ3 (2.17a)
G
−1(T , ξ, σ)′ = τ3E(T, σ)G−1(T , ξ, σ)E∗(T, σ)τ3 (2.17b)
G(u)(T , ξ, σ)′ = (−1)uE(T, σ)G(u)(T , ξ, σ)E∗(T, σ) . (2.17c)
At the tangent-space level, one finds the corresponding structure
G(T (T, σ), ξ, σ)=eibn(r)µu(ξ,σ)Tn(r)µu(T,σ), Tn(r)µu(T, σ)≡Tn(r)µ(T, σ)τu, u=0, 1 (2.18a)
τ0 = 1l, ~τ = Pauli matrices (2.18b)
bn(r)µu(ξ, σ) ≡ βaI˙(ξ)χ(σ)−1n(r)µU †(σ)an(r)µ( 1√2(U †)I˙ u)
= 12
(
βa(ξ) + (−1)u+1βa(−ξ)) χ(σ)−1n(r)µU †(σ)an(r)µ (2.18c)
= 12
(
bn(r)µ(ξ, σ) + (−1)u+1bn(r)µ(−ξ, σ)) (2.18d)
bn(r)µ(ξ, σ) ≡ βa(ξ)χ(σ)−1n(r)µU †(σ)an(r)µ (2.18e)
bn(r)µu(−ξ, σ) = (−1)u+1bn(r)µu(ξ, σ) (2.18f)
bn(r)µu(ξ, σ)′ = bn(r)µu(ξ, σ)e
2πi(
n(r)
ρ(σ)+
u
2 ) (2.18g)
in terms of the tangent-space eigencoordinates b. The world-sheet parity (2.18f) of the
tangent-space eigencoordinates implies the world-sheet parity (2.16c) of the eigengroup
elements. With the T -selection rule (2.14d), the (diagonal) automorphic response (2.18g)
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similarly implies the automorphic response (2.17a) of the eigengroup elements. We also
note that the total twisted representation matrices in (2.18a) satisfy the total orbifold Lie
algebra gˆO(σ) of sector hˆσ
[Tn(r)µu(T, σ), Tn(s)νv(T, σ)] = iFn(r)µ;n(s)νn(r)+n(s),δ(σ)Tn(r)+n(s),δ,u+v(T, σ) (2.19a)
T̂ r
(
(M⊗ 1l2)Tn(r)µu(T, σ)Tn(s)νv(T, σ)
)
= Gn(r)µu;n(s)νv(σ) (2.19b)
≡ 2δu+v,0mod 2Gn(r)µ;n(s)ν(σ) (2.19c)
where F(σ) are the twisted structure constants defined in (2.14b) and G(σ) in (2.19b) is
the total twisted metric of sector hˆσ.
2.3 Group Orbifold Elements and Definite Monodromies
We now invoke the principle of local isomorphisms [3, 5, 14] to go from the eigenfield
formulation to twisted open-string sector hˆσ of the orientation orbifold
G(T , ξ, t, σ) −→
σ
gˆ(T , ξ, t, σ), b(ξ, t, σ) −→
σ
βˆ(ξ, t, σ) (2.20)
where gˆ and βˆ are respectively the group orbifold elements and the twisted tangent-space
coordinates of sector hˆσ. Both of these twisted fields inherit the index structure and the
constraints of the corresponding eigenfields
gˆ(T , ξ, σ) = {gˆ(T , ξ, σ)N(r)µuN(s)νv} (2.21a)
[M⊗ 1l2, gˆ(T , ξ, σ)] = 0 (2.21b)
[τ1, gˆ(T , ξ, σ)] = 0 (2.21c)
gˆ(T ,−ξ, σ) = τ3gˆ−1(T , ξ, σ)τ3 (2.21d)
gˆ(T ,−ξ, σ)N(r)µuN(s)νv = (−1)u−vgˆ−1(T , ξ, σ)N(r)µuN(s)νv (2.21e)
gˆ(T , ξ, σ) = eiβˆn(r)µu(ξ,σ)Tn(r)µu(T,σ) (2.22a)
βˆn(r)µu(−ξ, σ) = (−1)u+1βˆn(r)µu(ξ, σ), u¯ = 0, 1 (2.22b)
where Eq. (2.22a) is the twisted tangent-space form of the group orbifold element. The
tangent-space form guarantees that the group orbifold elements form a group because the
total matrices T satisfy the total orbifold Lie algebra gˆO(σ). Moreover, Eqs. (2.22a) and
(2.22b) together satisfy all the conditions on gˆ in Eq. (2.21). Finally, the world-sheet parities
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(2.21d) and (2.22b) tell us that the natural range of ξ is the strip 0 ≤ ξ ≤ π, and restriction
to the strip is equivalent to the conventional orbifold identification −ξ ∼ ξ.
The relations (2.21) also give the more explicit two-component structure of the group
orbifold elements
gˆ(T , ξ, σ) =
(
gˆ(0)(T , ξ, σ) gˆ(1)(T , ξ, σ)
gˆ(1)(T , ξ, σ) gˆ(0)(T , ξ, σ)
)
, [M, gˆ(u)(T , ξ, σ)] = 0 (2.23a)
gˆ−1(T , ξ, σ) =
(
gˆ(0)(T ,−ξ, σ) −gˆ(1)(T ,−ξ, σ)
−gˆ(1)(T ,−ξ, σ) gˆ(0)(T ,−ξ, σ)
)
(2.23b)
gˆ(T , ξ, σ)N(r)µuN(s)νv = gˆ(u−v)(T , ξ, σ)N(r)µN(s)ν (2.23c)
gˆ−1(T , ξ, σ)N(r)µuN(s)νv = (−1)u−vgˆ(u−v)(T ,−ξ, σ) (2.23d)
and the form (2.23b) of the inverse implies the further non-local quadratic relations
gˆ(0)(T , ξ, σ)gˆ(0)(T ,−ξ, σ)− gˆ(1)(T , ξ, σ)gˆ(1)(T ,−ξ, σ) = 1l (2.24a)
gˆ(0)(T , ξ, σ)gˆ(1)(T ,−ξ, σ)− gˆ(1)(T , ξ, σ)gˆ(0)(T ,−ξ, σ) = 0 (2.24b)
among the reduced components gˆ(u) of the group orbifold elements.
In addition to these properties, one may attempt to impose definite monodromies on gˆ
and βˆ, as they would follow from Eqs. (2.17a), (2.18g) by a standard application of local
isomorphisms
automorphic responses of G, b −→
σ
monodromies of gˆ, βˆ (2.25a)
gˆ(T (T, σ), ξ + 2π, σ) = τ3E(T, σ)gˆ(T (T, σ), ξ, σ)E∗(T, σ)τ3 (2.25b)
gˆ−1(T (T, σ), ξ + 2π, σ) = τ3E(T, σ)gˆ−1(T (T, σ), ξ, σ)E∗(T, σ)τ3 (2.25c)
gˆ(T , ξ + 2π, σ)N(r)µuN(s)νv = e−2πi(
N(r)−N(s)
R(σ)
+u−v
2
)gˆ(T , ξ, σ)N(r)µuN(s)νv (2.25d)
gˆ(u)(T (T, σ), ξ + 2π, σ) = (−1)uE(T, σ)gˆ(u)(T (T, σ), ξ, σ)E∗(T, σ) (2.25e)
βˆn(r)µu(ξ + 2π, σ) = βˆn(r)µu(ξ, σ)e
2πi(
n(r)
ρ(σ)+
u
2 ) (2.25f)
where the eigenvalue matrix E(T, σ) is defined in Eq. (2.11). As above, Eqs. (2.25f) and
the T -selection rule (2.14d) imply Eq. (2.25b), and moreover, all these monodromies are
consistent with each other.
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In Ref. [25] however, we argued from the twisted currents (see Subsec. 3.3) that the
group orbifold elements in the open-string sectors of the WZW orientation orbifolds have
the definite monodromy (2.25b) only in the case
h2σ = 1, E
2(T, σ) = 1, n¯(r)ρ(σ) ∈ {0, 12} (2.26)
and will have mixed monodromy when h2σ 6= 1.
We present here another version of this argument which shows that the definite mon-
odromies in Eq. (2.25) are not consistent with the world-sheet parities (2.21d), (2.22b)
beyond the case h2σ = 1.
To find this inconsistency, consider generic orbits of the world-sheet parity and mon-
odromy, following the steps:
gˆ(T (T, σ), ξ, σ) = τ3E(T, σ)gˆ(T (T, σ), ξ − 2π, σ)E∗(T, σ)τ3 (2.27a)
= E(T, σ)gˆ−1(T (T, σ), 2π − ξ, σ)E∗(T, σ) (2.27b)
= τ3E
2(T, σ)gˆ−1(T (T, σ),−ξ, σ)E∗2(T, σ)τ3 (2.27c)
= E2(T, σ)gˆ(T (T, σ), ξ, σ)E∗2(T, σ) (2.27d)
βˆn(r)µu(ξ) = βˆn(r)µu(ξ − 2π)e2πi(n(r)ρ(σ)+u2 ) (2.27e)
= −βˆn(r)µu(2π − ξ)e2πin(r)ρ(σ) (2.27f)
= −βˆn(r)µu(−ξ)e4πin(r)ρ(σ) (−1)u (2.27g)
= βˆn(r)µu(ξ)e4πi
n(r)
ρ(σ) . (2.27h)
These relations are easily expressed as the selection rules
gˆ(T (T, σ), ξ, σ)N(r)µuN(s)νv(1− e−4πi(
N(r)−N(s)
R(σ)
)) = 0
⇒ gˆ(T (T, σ), ξ, σ)N(r)µuN(s)νv = 0 unless N(r)−N(s)R(σ) ∈ 12Z (2.28a)
βˆn(r)µu(ξ, σ)(1− e4πin(r)ρ(σ) ) = 0 ⇒ βˆn(r)µu(ξ, σ) = 0 unless n(r)ρ(σ) ∈ 12Z (2.28b)
which are again consistent with each other by the T -selection rule (2.14d). The selection
rules tell us however that the twisted fields with world-sheet parity and definite monodromy
can have no support beyond the case h2σ = 1 in Eq. (2.26).
This conclusion is a restriction [25] on that part of the principle of local isomorphisms
which deals with the monodromies of open-string group orbifold elements, so that the
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correct form of Eq. (2.25a) for the open-string sectors of the orientation orbifolds is:
h2σ = 1: automorphic responses of G, b −→
σ
monodromies of gˆ, βˆ . (2.29)
We emphasize with Ref. [25] that all the other results obtained by eigenfields and local
isomorphisms hold for all hˆσ – except for the definite 2π-monodromy (2.25), which holds
only for h2σ = 1.
In spite of the absence of definite 2π-monodromy for gˆ when h2σ 6=1, each sector hˆσ =
τ1×hσ is a twisted open string because each sector contains at least some fractionally-moded
twisted currents (see Subsec. 3.4).
For completeness, we finally note that the class of h2σ = 1 open-string sectors can be
subdivided into two cases [25]
hσ = 1: ρ(σ) = 1, ω(hσ) = 1, n¯(r) = N¯(r) = 0 (2.30a)
h2σ = 1, hσ 6= 1: ρ(σ) = 2, ω(hσ)2 = 1, n¯(r), N¯(r) ∈ {0, 1} (2.30b)
where (2.30a) is the basic open-string sector, and (2.30b) collects the generic open-string
sectors with h2σ = 1. We will return to further discuss the special properties of the class
h2σ = 1 in Subsec. 3.5.
3 Actions and Boundary Conditions on the Solid Half Cylinder
Our next task is to find the action which describes the open-string WZW orientation-
orbifold sectors above. In order to apply the method of eigenfields and the principle of
local isomorphisms to this problem, we will first rewrite the standard WZW action in an
unconventional but equivalent form on the solid half cylinder Γ1/2 (see Fig. 2).
✻
t
✟✟
✟✟
✯
y
❍❍❍❍❥ x
ξ = 0
ξ = π
❍❍❍❍
❍❍❍
Fig. 2: The Solid Half Cylinder
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3.1 WZW Action on the Solid Half Cylinder
The standard untwisted WZW action [29, 30] on the solid cylinder Γ is easily generalized
to semisimple g [14]
SWZW [M, g; Γ] = − 1
8π
∫
dt
∫ 2π
0
dξ Tr
(
M
(
g−1(T, ξ)∂+g(T, ξ)g
−1(T, ξ)∂−g(T, ξ)
))
− 1
12π
∫
Γ
Tr
(
M
(
g−1(T, ξ)dg(T, ξ)
)3)
, ∂± = ∂t ± ∂ξ (3.1)
where the data matrix M is defined in Eq. (2.4). As usual, the integration over Γ in the
WZW term involves
∫
dt
∫ 2π
0
dξ
∫
dρ, where ρ is the radial coordinate. Using the properties
of M in Eqs. (2.5) and (2.11), cyclicity of Tr, and 2π-periodicity in the form
f(ξ + 2π) = f(ξ) ⇒
∫ 2π
0
dξf(−ξ) =
∫ 2π
0
dξf(ξ) (3.2)
it is then straightforward to check that the WZW action is invariant
SWZW [M, g
′; Γ] = SWZW [M, g; Γ] (3.3)
under the general orientation-reversing automorphism in Eq. (2.8).
The WZW action can in fact be reexpressed in terms of the matrix group element g˜ on
the solid half cylinder Γ1/2
SWZW [M ⊗ 1l2, g˜; Γ1
2
]
≡ − 1
8π
∫
dt
∫ π
0
dξ T̂ r
(
(M ⊗ 1l2)
(
g˜−1(T, ξ)∂+g˜(T, ξ)g˜
−1(T, ξ)∂−g˜(T, ξ)
))
− 1
12π
∫
Γ1
2
T̂ r
(
(M ⊗ 1l2)
(
g˜−1(T, ξ)dg˜(T, ξ)
)3)
= SWZW [M, g; Γ] (3.4)
where integration over Γ1/2 involves
∫
dt
∫ π
0
dξ
∫
dρ. To see this equality for the WZW term
in particular, follow the steps
γ(t, ξ, ρ) ≡ ǫABCTr (Mg−1(T, ξ)∂Ag(T, ξ)g−1(T, ξ)∂Bg(T, ξ)g−1(T, ξ)∂Cg(T, ξ)) (3.5a)
{A,B,C} = {t, ξ, ρ}, ǫtξρ = 1 (3.5b)
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∫
Γ
Tr
(
M
(
g−1(T, ξ)dg(T, ξ)
)3)
=
∫
dt
∫ 2π
0
dξ
∫
dρ γ(t, ξ, ρ)
=
∫
dt
∫ π
0
dξ
∫
dρ (γ(t, ξ, ρ) + γ(t,−ξ, ρ)) (3.5c)
=
∫
Γ1
2
T̂ r
(
(M ⊗ 1l2)
(
g˜−1(T, ξ)dg˜(T, ξ)
)3)
(3.5d)
where 2π-periodicity of the quantity γ(t, ξ, ρ) was used to obtain (3.5c). For the last
equality, the reader may find it helpful to use the form (2.9a) of the matrix group element
to write out (3.5d) as a sum of two traces Tr and use cyclicity. A similar argument suffices
to rewrite the kinetic term of the WZW action as
− 1
8π
∫
dt
∫ π
0
dξ [Tr
(
M
(
g−1(T, ξ)∂+g(T, ξ)g
−1(T, ξ)∂−g(T, ξ)
))
+ (ξ → −ξ)] (3.6)
which sums to the g˜ form of the kinetic term in Eq. (3.4).
The Γ1/2 form (3.4) of the WZW action is transparently invariant under the two-
component form (2.9) of the general orientation-reversing automorphism, this time without
use of periodicity. For reference below, we also note that both integrands in the action (3.4)
are even under world-sheet parity ξ ↔ −ξ.
The next step in the orbifold program is to express the Γ1/2 form (3.4) of the action in
terms of the eigengroup elements
SWZW [M⊗ 1l2, G; Γ1
2
]
≡ − 1
8π
∫
dt
∫ π
0
dξ T̂ r
(
(M⊗ 1l2)
(
G
−1(T , ξ)∂+G(T , ξ)G−1(T , ξ)∂−G(T , ξ)
))
− 1
12π
∫
Γ1
2
T̂ r
(
(M⊗ 1l2)
(
G
−1(T , ξ)dG(T , ξ))3) = SWZW [M ⊗ 1l2, g˜(G); Γ1
2
] (3.7)
where the eigengroup element G and the twisted data matrixM are defined in Eqs. (2.16a)
and (2.14f) respectively. Using the properties of M in Eq. (2.14g), this form of the WZW
action is invariant under the diagonal action (2.17) of the orientation-reversing automor-
phism.
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3.2 The WZW Orientation-Orbifold Action
We are now prepared to apply the principle of local isomorphisms to the eigengroup ele-
ments G in the context of the half-cylinder WZW action (3.7)
G(T , ξ, t, σ) −→
σ
gˆ(T , ξ, t, σ) (3.8a)
SWZW [M⊗ 1l2, G; Γ1
2
] −→
σ
SˆgˆO(σ)[M⊗ 1l2, gˆ; Γ1
2
] (3.8b)
where gˆ(T , ξ, t, σ) are the group orbifold elements of Sec. 2. This gives theWZW orientation-
orbifold action of open-string sector hˆσ on the solid half cylinder Γ1/2
SˆgˆO(σ)[M⊗ 1l2, gˆ; Γ1
2
]≡
− 1
8π
∫
dt
∫ π
0
dξ T̂ r
(
(M⊗ 1l2)
(
gˆ−1(T , ξ)∂+gˆ(T , ξ)gˆ−1(T , ξ)∂−gˆ(T , ξ)
))
− 1
12π
∫
Γ1
2
T̂ r
(
(M⊗ 1l2)
(
gˆ−1(T , ξ)dgˆ(T , ξ))3) (3.9a)
gˆ(T ,−ξ, σ) = τ3gˆ−1(T , ξ, σ)τ3 (3.9b)
[τ1, gˆ(T (T, σ), ξ, σ)] = [M⊗ 1l2, gˆ(T (T, σ), ξ, σ)] = 0 (3.9c)
where the second term in Eq. (3.9a) is the orientation-orbifold WZW term. Here we have
followed the convention of the orbifold program [14, 15, 23, 24] in labelling the orientation-
orbifold action of sector hˆσ by its associated orbifold Lie algebra gˆO(σ) in (2.19a). It is
not difficult to check with Eq. (3.9b) that each integrand in this action is symmetric under
world-sheet parity ξ ↔ −ξ.
Although the WZW action (3.4) and the WZW orientation-orbifold action (3.9) are
both defined on the solid half cylinder Γ1/2, only the latter truly describes an open string.
The fundamental reason for this is that the orientation-orbifold sector has only a single
untwisted Virasoro algebra [25], which we will review at the classical level in Subsec. 3.4.
The WZW orientation-orbifold action (3.9), which describes all open-string WZW
orientation-orbifold sectors, is a central result of this paper. Closed-string sectors of the
WZW orientation orbifolds are described by the standard WZW orbifold action [14].
3.3 Variation of the Half-Cylinder Actions
In this subsection, we study the variation (with special attention to boundaries) of the half-
cylinder form of the WZW action (3.4) and the WZW orientation-orbifold action (3.9).
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For brevity, we will study only the WZW orientation-orbifold action explicitly, but the
same steps can be followed for the simpler case of the WZW action by the substitution
M→ M, gˆ → g˜. For this discussion, we will need the general variations
δT̂ r
(
(M⊗ 1l2)gˆ−1∂+gˆgˆ−1∂−gˆ
)
= −T̂ r [(M⊗ 1l2) (∂− (gˆ−1∂+gˆ)+ ∂+ (gˆ−1∂−gˆ)) gˆ−1δgˆ]
+ 2T̂ r
[
(M⊗ 1l2)
(
∂t
(
gˆ−1∂tgˆgˆ
−1δgˆ
)− ∂ξ (gˆ−1∂ξ gˆgˆ−1δgˆ))] (3.10a)
ǫABCδT̂ r
(
(M⊗ 1l2)gˆ−1∂Agˆgˆ−1∂B gˆgˆ−1∂C gˆ
)
= ∂ARˆ
A (3.10b)
RˆA ≡ 3ǫABC T̂ r ((M⊗ 1l2)gˆ−1∂B gˆgˆ−1∂C gˆgˆ−1δgˆ) (3.10c)
Rˆρ =
3
2
T̂ r
[
(M⊗ 1l2)
(
∂−(gˆ
−1∂+gˆ)− ∂+(gˆ−1∂−gˆ)
)]
(3.10d)
which are standard in WZW theory, except that we have kept the total derivative terms in
Eq. (3.10a).
Using the world-sheet parity (3.9b) and cyclicity of T̂ r, we can now verify the following
behavior under world-sheet parity
Kˆ(ξ) ≡ T̂ r ((M⊗ 1l2)gˆ−1(ξ)∂ξgˆ(ξ)gˆ−1(ξ)δgˆ(ξ)) (3.11a)
= T̂ r
(
(M⊗ 1l2)gˆ(−ξ)∂ξgˆ−1(−ξ)gˆ(−ξ)δgˆ−1(−ξ)
)
= T̂ r
(
(M⊗ 1l2)gˆ−1(−ξ)∂ξgˆ(−ξ)gˆ−1(−ξ)δgˆ(−ξ)
)
= −Kˆ(−ξ) (3.11b)
Rˆt,ρ(ξ) = Rˆt,ρ(−ξ), Rˆξ(ξ) = −Rˆξ(−ξ) (3.11c)
where Kˆ(ξ) appears in the variation (3.10a) of the kinetic term, and Rˆ(ξ) is defined in
Eq. (3.10c).
The variation of the WZW orientation-orbifold action now proceeds as usual, requiring
that the bulk and boundary terms cancel independently.
The boundary contribution of the total derivative term in Eq. (3.10a) to the variation
of the kinetic term in the action (3.9) is
1
4π
∫
dt
∫ π
0
dξ T̂ r
(
∂ξ(gˆ
−1∂ξ gˆgˆ
−1δgˆ)
)
=
1
4π
∫
dt
(
Kˆ(π)− Kˆ(0)
)
≡ 0 (3.12a)
→ Kˆ(π) = Kˆ(0) = 0 (3.12b)
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where Eq. (3.12b) is the local form of the variational boundary condition. The boundary
condition at ξ = 0 can also be obtained immediately from the world-sheet parity (3.11b).
For the variation of the orientation-orbifold WZW term in (3.9), it is convenient to
introduce the standard Cartesian coordinates (x, y, t) shown in Fig. 2. In these coordinates,
the flat side of Γ1/2 is the plane y = 0, which is composed of the two half-planes at ξ = 0
and at ξ = π. Then the boundary contribution from the flat side of Γ1/2 is
~ey|ξ=0 = ~eξ, ~ey|ξ=π = −~eξ (3.13a)∫
Γ 1
2
∂ARˆ
A =
∫
∂Γ 1
2
d~S · ~ˆR =
∫
dt
∫ π
0
dξ Rˆρ +
∫
y=0
dtdx(−~ey · ~ˆR) (3.13b)
∫
y=0
dtdx
(
−~ey · ~ˆR
)
=
∫
y=0
dtdx
(
Rˆξ(π)− Rˆξ(0)
)
≡ 0 (3.13c)
→ Rˆξ(π) = Rˆξ(0) = 0 (3.13d)
where ~ei denotes the unit vector in the i direction. At ξ = 0, the local form of this variational
boundary condition also follows immediately from the world-sheet parity (3.11c).
The local forms of the boundary conditions in Eqs. (3.12b) and (3.13d) are important
parts of the description of the WZW orientation-orbifold branes, on which the twisted open
WZW strings end (see also Subsecs. 3.4 and 3.5).
Having dealt with the boundary terms, this leaves only the total bulk contribution
δSˆgˆO(σ)[M⊗ 1l2, gˆ; Γ1
2
] =
1
4π
∫
dt
∫ π
0
dξ T̂ r
(
(M⊗ 1l2)∂−(gˆ−1∂+gˆ)gˆ−1δgˆ
)
(3.14)
to the variation of the WZW orientation-orbifold action. Then, because the invertible
matrix M commutes with the group orbifold elements, we find the open-string equations
of motion
∂−Jˆ(T , ξ, t) = 0, Jˆ(T , ξ, t) ≡ − i
2
gˆ−1(T , ξ, t)∂+gˆ(T , ξ, t) (3.15a)
−→ ∂+ ˆ¯J(T , ξ, t) = 0 (3.15b)
ˆ¯J(T , ξ, t) ≡ − i
2
gˆ(T , ξ, t)∂−gˆ−1(T , ξ, t) = τ3Jˆ(T ,−ξ, t)τ3 (3.15c)
[M⊗ 1l2, Jˆ(T )] = [M⊗ 1l2, ˆ¯J(T )] = [τ1, Jˆ(T )] = [τ1, ˆ¯J(T )] = 0 (3.15d)
where Jˆ(T ), ˆ¯J(T ) are the twisted open-string matrix currents. As indicated in (3.15b),
ˆ¯J(T ) conservation follows from the conservation of Jˆ(T ). The world-sheet parity relation
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(3.15c) between Jˆ and ˆ¯J follows from Eq. (2.21d), and this relation tells us that the twisted
currents share the same set of twisted current modes (see the following subsection), as is
appropriate for open strings. The twisted matrix currents are also two-component fields,
and we find in particular
Jˆ(T , ξ, t) =
(
Jˆ(0)(T , ξ, t) Jˆ(1)(T , ξ, t)
Jˆ(1)(T , ξ, t) Jˆ(0)(T , ξ, t)
)
(3.16a)
ˆ¯J(T , ξ, t) =
(
Jˆ(0)(T ,−ξ, t) −Jˆ(1)(T ,−ξ, t)
−Jˆ(1)(T ,−ξ, t) Jˆ(0)(T ,−ξ, t)
)
(3.16b)
Jˆ(u)(T , ξ, t) ≡ − i
2
1∑
v=0
(−1)vgˆ(v)(T ,−ξ, t)∂+gˆ(u−v)(T , ξ, t), u¯ = 0, 1 . (3.16c)
where the reduced components gˆ(u) of the group orbifold elements were defined in Eq. (2.23).
Returning to the simpler case of the Γ1/2 form (3.4) of the untwisted WZW action, we
find that the bulk contributions to the variation give the classical equation of motion
∂−(g˜
−1(T, ξ, t)∂+g˜(T, ξ, t)) = 0 (3.17)
which implies the conservation of the usual untwisted left- and right-mover WZW currents.
We can also explicitly verify the required local boundary conditions
K(π) = K(0) = 0, Rξ(π) = Rξ(0) = 0 (3.18)
from the world-sheet parities
K(ξ) = −K(−ξ), Rt,ρ(ξ) = Rt,ρ(−ξ), Rξ(ξ) = −Rξ(−ξ) (3.19)
and the 2π-periodicity of the untwisted fields. Here the quantities K,R are obtained from
those in Eqs. (3.10), (3.11) by the substitution M→M and gˆ → g˜.
The variational boundary conditions (3.12b), (3.13d) can also be explicitly verified from
the monodromies in the case h2σ = 1 (see Subsec. 3.5).
3.4 More about the Twisted Open-String Currents
In this subsection, we further discuss the classical forms of the twisted open-string currents
and their corresponding twisted open-string stress tensors.
We begin this discussion by noting that the functional form of the twisted currents
in (3.15a,c) can be rewritten as the classical equations of motion of the group orbifold
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elements:
∂+gˆ(T , ξ, t) = 2igˆ(T , ξ, t)Jˆ(T , ξ, t), ∂−gˆ(T , ξ, t) = −2i ˆ¯J(T , ξ, t)gˆ(T , ξ, t) (3.20a)
Jˆ(T , ξ, t) = Jˆn(r)µu(ξ, t)Gn(r)µu;n(s)νv(σ)Tn(s)ντv (3.20b)
ˆ¯J(T , ξ, t) = Jˆn(r)µu(−ξ, t)Gn(r)µu;n(s)νv(σ)Tn(s)ν(−1)vτv (3.20c)
Gn(r)µu;n(s)νv(σ) = 12δu+v,0mod 2Gn(r)µ;n(s)ν(σ) (3.20d)
Gn(r)µ;n(t)δ(σ)Gn(t)δ;n(s)ν(σ) = δµνδn(r)−n(s),0mod ρ(σ) . (3.20e)
In this system, the index-current expansions (3.20b,c) of each matrix current are taken from
the high-level limit of the corresponding twisted vertex operator equations in Eq. (6.1) of
Ref. [25]. As expected, the index-current expansions of Jˆ and ˆ¯J satisfy the world-sheet
parity relation in Eq. (3.15c).
For completeness, we also read off from Ref. [25] the bracket form of some important
algebraic relations
Jˆn(r)µu(ξ, t, σ) =
∑
m
Jˆn(r)µu(m+
n(r)
ρ(σ)+
u
2 )e
−i(m+n(r)
ρ(σ)
+u
2
)(t+ξ), u¯ = 0, 1 (3.21a)
Jˆn(r)µu(ξ + 2π, t, σ) = e
−2πi(n(r)
ρ(σ)
+u
2
)Jˆn(r)µu(ξ, t, σ) (3.21b)
{Jˆn(r)µu(m+ n(r)ρ(σ)+ u2 ), Jˆn(s)νv(n+ n(s)ρ(σ)+ v2)}
= iFn(r)µ;n(s)νn(r)+n(s),δ(σ)Jˆn(r)+n(s),δ,u+v(m+n+ n(r)+n(s)ρ(σ) + u+v2 )
+ (m+ n(r)ρ(σ)+
u
2 )δm+n+n(r)+n(s)
ρ(σ)
+u+v
2
,0
(2δu+v,0mod 2Gn(r)µ;n(s)ν(σ)) (3.21c)
{Jˆn(r)µu(m+ n(r)ρ(σ)+ u2 ), gˆ(T (T ), ξ, t)} = gˆ(T (T ), ξ, t)(Tn(r)µ(T )τu)ei(m+
n(r)
ρ(σ)
+u
2
)(t+ξ)
− (Tn(r)µ(T )(−1)uτu)gˆ(T (T ), ξ, t)ei(m+
n(r)
ρ(σ)
+u
2
)(t−ξ) (3.21d)
where the mode expansion (3.21a) and the monodromy (3.21b) of the currents are valid
for all hˆσ, without restriction to h
2
σ = 1. Note that the open-string twisted current algebra
gˆO(σ) in (3.21c) shares the same twisted structure constants F(σ) with the orbifold Lie
algebra gˆO(σ) in (2.19a), and that as expected for open strings, the twisted currents act
simultaneously as left- and right-movers in Eq. (3.21d). Moreover, because u¯ takes the
values 0 and 1, each open-string sector hˆσ contains fractionally-moded currents.
We also note the monodromy of the twisted open-string matrix currents [25]
Jˆ(T (T, σ), ξ + 2π, t) = τ3E(T, σ)Jˆ(T (T, σ), ξ, t)E∗(T, σ)τ3 (3.22a)
ˆ¯J(T (T, σ), ξ + 2π, t) = τ3E∗(T, σ) ˆ¯J(T (T, σ), ξ, t)E(T, σ)τ3 (3.22b)
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which follow (by the T -selection rule (2.14d)) from the monodromy (3.21b) of the index
currents – and hence are also true for all hˆσ.
With Ref. [25], we emphasize that the definite but clashing monodromies (3.22) of
the twisted open-string matrix currents are precisely the reason that the group orbifold
elements gˆ cannot have definite monodromy beyond h2σ = 1.
Using the general monodromies (3.22) and the world-sheet parity (3.15c), we may now
give the boundary conditions of the twisted currents on the strip:
ˆ¯J(T (T ), 0)=τ3Jˆ(T (T ), 0)τ3 (3.23a)
ˆ¯J(T (T ), π)=E∗(T, σ)Jˆ(T (T ), π)E(T, σ) . (3.23b)
In addition to the variational boundary conditions of the previous subsection, these twisted
current boundary conditions should be included as another important part of the descrip-
tion of the orientation-orbifold branes in open-string sector hˆσ.
As promised, we finally mention the classical form of the twisted open-string stress
tensors
Θˆu(ξ, t, σ) =
1
8πGn(r)µ;n(s)ν(σ)
1∑
v=0
Jˆn(r)µv(ξ, t, σ)Jˆn(s)ν,u−v(ξ, t, σ), u¯ = 0, 1 (3.24a)
∂−Θˆu(ξ, t, σ) = 0 (3.24b)
Θˆu(ξ + 2π, t, σ) = (−1)uΘˆu(ξ, t, σ) (3.24c)
Θˆu(ξ, t, σ) =
1
2π
∑
m
Lˆu(m+
u
2 )e
−i(m+u
2
)(t+ξ) (3.24d)
{Lˆu(m+ u2 ), Lˆv(n+ v2)} = (m−n+ u−v2 )Lˆu+v(m+n+ u+v2 ) (3.24e)
where Eq. (3.24a) is the classical (high-level) limit of the twisted operator stress tensors of
Ref. [25]. The unique physical stress tensor of sector hˆσ is the component Θˆ0(ξ, t, σ) with
trivial monodromy. Following Ref. [25], we emphasize that the classical form (3.24e) of
the orbifold Virasoro algebra‡3 correspondingly contains only the single classical untwisted
Virasoro subalgebra generated by {Lˆ0(m)} – which tells us that sector hˆσ is a twisted open
string.
‡3The operator form of the orbifold Virasoro algebra is given in Ref. [25], where we discuss the quantum
doubling cˆ = 2c of the closed-string central charge c.
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3.5 More about the Branes when h2σ = 1
In our discussion above, we have given two important parts of the description of the WZW
orientation-orbifold branes for all hˆσ, namely the variational boundary conditions in Sub-
sec. 3.3 and the twisted current boundary conditions in Subsec. 3.4. In what follows, we
consider further structure of the branes, concentrating primarily but not exclusively on the
case h2σ = 1.
For the case h2σ = 1, the monodromies in (2.25) give us a simple way to determine the
boundary conditions of the twisted fields gˆ, βˆ on the strip 0≤ξ≤π. As in Subsec. 2.3, we
consider the combined action of the world-sheet parity (2.21d) and the monodromy (2.25b)
of the group orbifold elements, this time for the special orbits associated to ξ = 0 and π.
This gives the boundary conditions on the group orbifold elements
gˆ−1(T (T, σ), 0, σ) = τ3gˆ(T (T, σ), 0, σ)τ3 (3.25a)
h2σ = 1: gˆ
−1(T (T, σ), π, σ) = E(T, σ)gˆ(T (T, σ), π, σ)E∗(T, σ) (3.25b)
which describe further structure of the branes at the ends of each twisted open string. The
boundary condition (3.25a) at ξ = 0 follows immediately from the world-sheet parity, and
hence holds for all hˆσ, while the following steps for h
2
σ = 1
gˆ−1(T (T ), π) = τ3E(T )gˆ−1(T (T ),−π)E∗(T )τ3 = E(T )gˆ(T (T ), π)E∗(T ) (3.26)
were used to obtain the boundary condition at ξ = π.
Moreover, the τ1-constraint (2.21c) holds for all hˆσ in the bulk and at the boundary
[τ1, gˆ(T (T, σ), 0, σ)] = 0, [τ1, gˆ(T (T, σ), π, σ)] = 0 (3.27)
which allows us to rewrite the boundary conditions in Eq. (3.25) in terms of the reduced
components gˆ(u), u¯ = 0, 1 of the group orbifold elements:
[gˆ(0)(T ), gˆ(1)(T )] = 0, gˆ(0)(T )2 − gˆ(1)(T )2 = 1l at ξ = 0 (3.28a)
gˆ(0)(T (T ))E(T )gˆ(0)(T (T )) + gˆ(1)(T (T ))E(T )gˆ(1)(T (T )) = E(T )
gˆ(0)(T (T ))E(T )gˆ(1)(T (T )) + gˆ(1)(T (T ))E(T )gˆ(0)(T (T )) = 0
}
at ξ = π . (3.28b)
To see Eq. (3.28), begin by multiplying both sides of (3.25a) and (3.25b) by gˆ; this set
of boundary conditions can also be understood as the residuals at the boundaries of the
non-local quadratic relations in Eq. (2.24). As above, the relations in (3.28b) apply only
to the case h2σ = 1.
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For the twisted tangent-space coordinates βˆ, we find the corresponding boundary con-
ditions:
βˆn(r)µ0(0, σ) = 0 (3.29a)
h2σ = 1: βˆ
n(r)µu(π, σ) = 0 unless n(r)ρ(σ) ∈ Z+ 12 . (3.29b)
The result in Eq. (3.29a) holds for all hˆσ because it is obtained directly from the world-sheet
parity (2.22b) at ξ = 0, while the following steps
βˆn(r)µu(π, σ) = βˆn(r)µu(−π, σ)e2πi(n(r)ρ(σ)+u2 ) = −βˆn(r)µu(π, σ)e2πin(r)ρ(σ) (3.30)
give the result in Eq. (3.29b) for h2σ = 1. We remark that the result in Eq. (3.29b) can
be solved simply as βˆ0µu(π, σ) = 0, but the more abstract language of (3.29b) will be
useful below. With the tangent-space form of gˆ in (2.22a) and the T -selection rule (2.14d),
it is not difficult to check that the βˆ boundary conditions (3.29) imply those of gˆ(T ) in
Eq. (3.25).
The special orbits also allow us to derive boundary conditions for derivatives of the
twisted fields, for example:
(∂tβˆ
n(r)µ0)(0, σ) = 0 (3.31a)
h2σ = 1: (∂tβˆ
n(r)µu)(π, σ) = 0 unless n(r)ρ(σ) ∈ Z+ 12 (3.31b)
(∂ξβˆ
n(r)µ1)(0, σ) = 0 (3.31c)
h2σ = 1: (∂ξβˆ
n(r)µu)(π, σ) = 0 unless n(r)ρ(σ) ∈ Z . (3.31d)
We note in particular that the ∂tβˆ boundary conditions are the same as those of βˆ. The
boundary conditions obtained in this way for ∂tgˆ and ∂ξgˆ are more complicated however,
except when taken in the combinations which correspond to the twisted currents (see Sub-
sec. 3.4) and the variational boundary conditions (see Subsec. 3.3).
We may also use these h2σ = 1 monodromies to explicitly verify, for this specific case,
various properties given above for all hˆσ. For example, the monodromies of the twisted
currents
Jˆ(T (T, σ), ξ + 2π, t) = τ3E(T, σ)Jˆ(T (T, σ), ξ, t)E∗(T, σ)τ3 (3.32a)
ˆ¯J(T (T, σ), ξ + 2π, t) = τ3E(T, σ) ˆ¯J(T (T, σ), ξ, t)E∗(T, σ)τ3 (3.32b)
follow from the gˆ monodromies (2.25) and the gˆ forms of the twisted currents in Eq. (3.15).
The monodromies (3.32) agree with the general monodromies (3.22) of the twisted currents
when h2σ = 1, E(T, σ)
2 = 1.
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Finally, we explicitly check the variational boundary conditions (3.12b) and (3.13d) at
ξ = π:
Kˆ(π) = Rˆξ(π) = 0 . (3.33)
In fact, these boundary conditions follow immediately when h2σ = 1 from the world-sheet
parities in Eq. (3.11) and the trivial monodromies
Kˆ(ξ + 2π) = Kˆ(ξ), RˆA(ξ + 2π) = RˆA(ξ) (3.34)
which themselves are obtained from the gˆ monodromy.‡4
In what follows we will find, as illustrated above, that all boundary conditions at ξ = 0
follow from world-sheet parity alone, and hence are true for all hˆσ.
4 Einstein Geometry on the Solid Half Cylinder
Our task in this section is to study the Einstein geometry, including the twisted Einstein
tensors [24], of the open-string sectors of the WZW orientation orbifolds above.
4.1 Two-Component WZW Geometry
We begin this discussion in the untwisted theory, with the familiar‡5 geometric quantities
of ordinary WZW models on the solid cylinder Γ:
g(T, x(ξ)) = eix
i(ξ)eia(0)Ta , ei
a(0) = δi
a, ∂i =
∂
∂xi
(4.1a)
ei(T, x(ξ)) = −ig−1(T, x(ξ))∂ig(T, x(ξ)) = e(x(ξ))iaTa (4.1b)
e¯i(T, x(ξ)) = −ig(T, x(ξ))∂ig−1(T, x(ξ)) = e¯(x(ξ))iaTa (4.1c)
e¯(x(ξ))i
a = −e(x(ξ))ibΩ(x(ξ))ba, g(T, x(ξ))Tag−1(T, x(ξ)) = Ω(x(ξ))abTb (4.1d)
Ω(x(ξ)) = g−1(T adj , x(ξ)) (4.1e)
Gij(x(ξ)) = e(x(ξ))i
aGabe(x(ξ))j
b = e¯(x(ξ))i
aGabe¯(x(ξ))j
b, T r(MTaTb) = Gab (4.1f)
Hijk(x(ξ)) = ∂iBjk(x(ξ)) + cyclic = −iT r (Mei(T, x(ξ))[ej(T, x(ξ)), ek(T, x(ξ))])
= iT r (Me¯i(T, x(ξ))[e¯j(T, x(ξ)), e¯k(T, x(ξ))]) = ei
aej
bek
cfab
dGdc (4.1g)
‡4Similarly, one easily checks from the gˆ monodromies and Eq. (2.14g) that both integrands of the WZW
orientation-orbifold action (3.9) are 2π-periodic; this conclusion holds of course only for h2
σ
= 1.
‡5See for example Refs. [31, 32, 24].
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γ(ξ) = ǫABCTr
(
Mg−1∂Agg
−1∂Bgg
−1∂Cg
)
= ∂Aj
A(ξ) (4.1h)
jA(ξ) ≡ 32ǫABC∂Bxi(ξ)∂Cxj(ξ)Bij(x(ξ)) (4.1i)
A = {t, ξ, ρ}, ǫtξρ = 1 . (4.1j)
Here e, e¯,Ω, G and H are respectively the left- and right-invariant vielbeins, the adjoint
action, the Einstein metric and the torsion field. Note that we have chosen the Einstein
coordinates
{xi = βae(0)ai, i = 1 . . . dim g} (4.2)
which correspond to e(0) = 1l at the origin. The identities in Eqs. (4.1h), (4.1i) are the
standard Gauss’ law which relates the winding-number current ja(ξ) to the density γ(ξ)
defined earlier in Eq. (3.5b).
Following Ref. [25] and our development above, we next define the corresponding two-
component fields:
xiI˙ , I˙ = 0, 1: xi0(ξ) ≡ xi(ξ), xi1(ξ) ≡ −xi(−ξ) (4.3a)
∂iI˙(ξ) ≡
∂
∂xiI˙(ξ)
, ∂iI˙(ξ)x
jJ˙(ξ) = δji δI˙
J˙ (4.3b)
g˜(T, x) =
(
g(T, x0(ξ)) 0
0 g(T, x1(ξ))
)
, ∂±g˜(T, x) = ∂iI˙ g˜(T, x)∂±x
iI˙(ξ) (4.3c)
eiI˙(T, x) ≡ −ig˜−1(T, x)∂iI˙ g˜(T, x) ≡ e(x)iI˙ aJ˙TaρJ˙ (4.3d)
e(x)iI˙
aJ˙ = −iT̂ r
(
(M ⊗ 1l2)g˜−1∂iI˙ g˜GabδJ˙K˙TbρK˙
)
= δI˙
J˙e(xI˙)i
a (4.3e)
g˜(T, x)TaρI˙ g˜
−1(T, x) = Ω˜(x)aI˙
bJ˙TbρJ˙ , Ω˜(x) = g˜
−1(T adj , x) (4.3f)
Ω˜(x)aI˙
bJ˙ = δI˙
J˙Ω(xI˙)a
b (4.3g)
GiI˙;jJ˙(x) ≡ −T̂ r
(
(M ⊗ 1l2)g˜−1(T, x)∂iI˙ g˜(T, x)g˜−1(T, x)∂jJ˙ g˜(T, x(ξ))
)
= e(x)iI˙
aK˙e(x)jJ˙
bL˙GaK˙,bL˙, GaK˙;bL˙ = δK˙L˙Gab
= δI˙ J˙Gij(x
I˙) (4.3h)
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BiI˙;jJ˙(x) = δI˙ J˙Bij(x
I˙) (4.3i)
HiI˙;jJ˙;kK˙(x) ≡ ∂iI˙BjJ˙;kK˙(x) + cyclic
= −iT̂ r ((M ⊗ 1l2)eiI˙(T, x)[ejJ˙(T, x), ekK˙(T, x)])
= eiI˙
aL˙ejJ˙
bM˙ekK˙
cN˙faL˙;bM˙ ;cN˙ , faI˙;bJ˙ ;cK˙ = δI˙ J˙δJ˙K˙fab
dGdc
= e(xI˙)i
ae(xI˙)j
be(xI˙)k
cfab
dGdc = δI˙ J˙δJ˙K˙Hijk(x
I˙) (4.3j)
ǫABC T̂ r
(
(M ⊗ 1l2)g˜−1(T, x)∂Ag˜(T, x)g˜−1(T, x)∂B g˜(T, x)g˜−1(T, x)∂C g˜(T, x)
)
= ∂Aj˜
A(ξ) (4.3k)
j˜A(ξ) ≡ 32ǫABC∂BxiI˙(ξ)∂CxjJ˙(ξ)BiI˙;jJ˙(x(ξ)) . (4.3l)
The matrices ρI˙ are defined in Eq. (2.9b). We emphasize that, although many of the fields
carry more than one two-component index I˙ , J˙ , each field is diagonal in these indices and
therefore has only two independent components in the two-dimensional space.
From the definitions of these two-component fields, one finds the following behavior
under world-sheet parity ξ → −ξ:
xiI˙(−ξ) = −xiJ˙(ξ)(τ1)J˙ I˙ , ∂iI˙(−ξ) = −(τ1)I˙ J˙∂iJ˙ (ξ) (4.4a)
Ω˜(x(−ξ))aI˙ bJ˙ = (τ1)I˙ K˙Ω˜−1(x(ξ))aK˙bL˙(τ1)L˙J˙ (4.4b)
e(x(−ξ))iI˙ aJ˙ = (τ1)I˙ K˙
(
e(x(ξ))Ω˜(x(ξ))
) aL˙
iK˙
(τ1)L˙
J˙ (4.4c)
GiI˙;jJ˙(x(−ξ)) = (τ1)I˙ K˙(τ1)J˙ L˙GiK˙;jL˙(x(ξ)) (4.4d)
HiI˙;jJ˙;kK˙(x(−ξ)) = (τ1)I˙ L˙(τ1)J˙ M˙(τ1)K˙N˙HiL˙;jM˙ ;kN˙(x(ξ)) (4.4e)
BiI˙;jJ˙(x(−ξ)) = −(τ1)I˙ K˙(τ1)J˙ L˙BiK˙;jL˙(x(ξ)) (4.4f)
j˜ξ(−ξ) = −j˜ξ(ξ), j˜t,ρ(−ξ) = j˜t,ρ(ξ) . (4.4g)
In particular, the results in Eqs. (4.4c-g) follow by using the world-sheet parity (2.9d) in
the relevant trace formulae in Eq. (4.3).
Taken together, the diagonal forms in Eq. (4.3) and the world-sheet parities (4.4) imply
consistency relations such as
Gij(x
I˙(−ξ)) = (τ1)I˙ J˙Gij(xJ˙(ξ)), Bij(xI˙(−ξ)) = −(τ1)I˙ J˙Bij(xJ˙ (ξ)) (4.5)
27
which record in our notation (see Eq. (4.3a)) the following behavior of the original fields
under (target-space) space-time parity x↔ −x:
g(T,−x) = g−1(T, x), Ω(−x) = Ω−1(x), e(−x)ia = −e¯(x)ia (4.6a)
Gij(−x) = Gij(x), Bij(−x) = −Bij(x), Hijk(−x) = Hijk(x) . (4.6b)
These space-time parities hold in the general WZW model, as is easily checked from the
following explicit forms [32, 24] of the geometric quantities:
Ω(x) = e−iY (x) (4.7a)
e(x)i
a = e(0)i
b
(
eiY (x)−1
iY (x)
) a
b
, e¯(x)i
a = e(0)i
b
(
e−iY (x)−1
iY (x)
) a
b
(4.7b)
Gij(x) = e(0)i
a
(
eiY (x)+e−iY (x)−2
(iY (x))2
) b
a
Gbce(0)j
c (4.7c)
Bij(x) = e(0)i
a
(
eiY (x)−e−iY (x)−2iY (x)
(iY (x))2
) b
a
Gbce(0)j
c (4.7d)
Y (x) ≡ xie(0)iaT adja , (T adja )bc = −ifabc . (4.7e)
Although the space-time parities (4.6) appear here as a byproduct of our formulation, we
will find below and in Sec. 5 that space-time parity in fact plays a fundamental role in the
construction of orientation orbifolds.
4.2 From the Solid Half Cylinder to the Strip
Using the two component fields of the previous subsection, we turn next to find the two-
dimensional or sigma-model form of the half-cylinder action in Eq. (3.4).
For this discussion, we note first the boundary conditions on the two-component winding-
number current j˜(ξ) in Eq. (4.3l)
j˜ξ(0) = j˜ξ(π) = 0 (4.8)
which are obtained from 2π-periodicity of the untwisted fields and the world-sheet parity
(4.4g) of j˜(ξ). It follows that∫
y=0
dtdx(−~ey · j˜) =
∫
y=0
dtdx(j˜ξ(π)− j˜ξ(0)) = 0 (4.9)
so, with the Gauss’ law (4.3k), one sees for the WZW term that the contribution from the
flat side of the solid half cylinder vanishes. Then one finds the two-dimensional form of the
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WZW term on Γ1/2:∫
Γ 1
2
T̂ r
(
(M ⊗ 1l2)(g˜−1(T, ξ)dg˜(T, ξ))3
)
= −32
∫
dt
∫ π
0
dξ BiI˙;jJ˙(x)∂+x
iI˙∂−x
jJ˙ . (4.10)
With this result and Eq. (4.3h) for the kinetic term, we finally obtain the sigma-model form
of the WZW action on the strip
S stripWZW =
1
8π
∫
dt
∫ π
0
dξ
(
GiI˙;jJ˙(x) +BiI˙;jJ˙(x)
)
∂+x
iI˙∂−x
jJ˙ (4.11a)
=
1
8π
∫
dt
∫ π
0
dξ
1∑
I˙=0
(
Gij(x
I˙) +Bij(x
I˙)
)
∂+x
iI˙∂−x
jJ˙ (4.11b)
= SWZW [M⊗1l2, g˜; Γ1
2
] (4.11c)
where Gij(x) and Bij(x) are the original WZW fields.
It is instructive to check that the two-component action (4.11) on the strip is equivalent
to the standard sigma-model form of the WZW action on the cylinder:
SWZW =
1
8π
∫
dt
∫ 2π
0
dξ (Gij(x(ξ)) +Bij(x(ξ))) ∂+x
i(ξ)∂−x
j(ξ) . (4.12)
To see this equivalence, begin with the form of the strip action in Eq. (4.11b) and use the
definition of xI˙ in Eq. (4.3a) to follow the steps
S stripWZW =
1
8π
∫
dt
∫ π
0
dξ[ (Gij(x(ξ)) +Bij(x(ξ))) ∂+xi(ξ)∂−xj(ξ)
+ (Gij(−x(−ξ)) +Bij(−x(−ξ))) ∂+xi(−ξ)∂−xj(−ξ)] (4.13a)
=
1
8π
∫
dt
∫ π
0
dξ[ (Gij(x(ξ)) +Bij(x(ξ))) ∂+xi(ξ)∂−xj(ξ)
+ (Gij(x(−ξ))−Bij(x(−ξ))) ∂+xi(−ξ)∂−xj(−ξ)] (4.13b)
=
1
8π
∫
dt
∫ π
0
dξ[ (Gij(x(ξ)) +Bij(x(ξ))) ∂+xi(ξ)∂−xj(ξ)
+ (Gij(x(−ξ)) +Bij(x(−ξ))) ∂−xi(−ξ)∂+xj(−ξ)] (4.13c)
=
1
8π
∫
dt
(∫ π
0
+
∫ 0
−π
)
dξ (Gij(x(ξ)) +Bij(x(ξ))) ∂+x
i(ξ)∂−x
j(ξ) = SWZW (4.13d)
where (4.13b) is obtained from (4.13a) by the space-time parities (4.6b). The last form in
Eq. (4.13d) is indeed equal to the standard form (4.12) of the sigma model action on the
cylinder – because the integrands of both are 2π-periodic.
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4.3 Automorphic Responses of the Geometric Quantities
We turn next to the action of the general orientation-reversing automorphism hˆσ on the
two-component geometric quantities:
ω(hσ)i
j ≡ e(0)iaω(hσ)abe(0)bj, ω(hσ) ∈ Aut(g) (4.14a)
xiI˙(ξ)′ = xjJ˙(ξ)(τ1)J˙
I˙ω†(hσ)j
i, ∂iI˙(ξ)
′ = ω(hσ)i
j(τ1)I˙
J˙∂jJ˙ , I˙ = 0, 1 (4.14b)
Ω˜(x)aI˙
bJ˙ ′ = Ω˜(x′)aI˙
bJ˙ = ω(hσ)a
c(τ1)I˙
K˙Ω˜(x)cK˙
dL˙(τ1)L˙
J˙ω†(hσ)d
b (4.14c)
eiI˙(T, x)
′ = eiI˙(T, x
′) = ω(hσ)i
j(τ1)I˙
J˙τ1W (hσ;T )ejJ˙(T, x)W
†(hσ;T )τ1 (4.14d)
e(x)iI˙
aJ˙ ′ = e(x′)iI˙
aJ˙ = ω(hσ)i
j(τ1)I˙
K˙e(x)jK˙
bL˙(τ1)L˙
J˙ω†(hσ)b
a (4.14e)
GiI˙;jJ˙(x)
′ = GiI˙;jJ˙(x
′) = ω(hσ)i
kω(hσ)j
l(τ1)I˙
K˙(τ1)J˙
L˙GkK˙;lL˙(x) (4.14f)
BiI˙;jJ˙(x)
′ = BiI˙;jJ˙(x
′) = ω(hσ)i
kω(hσ)j
l(τ1)I˙
K˙(τ1)J˙
L˙BkK˙;lL˙(x) (4.14g)
HiI˙;jJ˙;kK˙(x)
′= HiI˙;jJ˙;kK˙(x
′)
=ω(hσ)i
lω(hσ)j
mω(hσ)k
n(τ1)I˙
L˙(τ1)J˙
M˙(τ1)K˙
N˙HlL˙;mM˙ ;nN˙(x) . (4.14h)
These automorphic responses follow by substitution of Eqs. (2.9g-i) into (4.2) and the T̂ r
formulae in Eq. (4.3). As expected, the strip form (4.11a) of the WZW sigma-model action
is invariant under the general orientation-reversing automorphism above.
Finally, it is instructive to consider the action of hˆσ on the original fields:
xi(ξ)′ = −xj(−ξ)ω†(hσ)ji (4.15a)
g(T, x(ξ))′ = g(T, x′(ξ)) = g(T,−x(−ξ)ω†) =W (hσ;T )g(T,−x(−ξ))W †(hσ;T ) (4.15b)
Ω(x(ξ))a
b′ = Ω(−x(−ξ)ω†)ab = ω(hσ)acΩ(−x(−ξ))cdω†(hσ)db (4.15c)
e(x(ξ))i
a′ = e(−x(−ξ)ω†)ia = ω(hσ)ije(−x(−ξ))jbω†(hσ)ba (4.15d)
Gij(x(ξ))
′ = Gij(−x(−ξ)ω†) = ω(hσ)ikω(hσ)j lGkl(−x(−ξ)) (4.15e)
Bij(x(ξ))
′ = Bij(−x(−ξ)ω†) = ω(hσ)ikω(hσ)j lBkl(−x(−ξ)) (4.15f)
Hijk(x(ξ))
′ = Hijk(−x(−ξ)ω†) = ω(hσ)ilω(hσ)jmω(hσ)knHlmn(−x(−ξ)) . (4.15g)
We note in particular another set of consistency relations on the original fields
g(T, xω†) = W (T )g(T, x)W †(T ) (4.16a)
Ω(xω†)a
b = ωa
cΩ(x)c
d(ω†)d
b, e(xω†)i
a = ωi
je(x)j
b(ω†)b
a (4.16b)
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Gij(xω
†) = ωi
kωj
lGkl(x), Bij(xω
†) = ωi
kωj
lBkl(x) (4.16c)
Hijk(xω
†) = ωi
lωj
mωk
nHlmn(x) (4.16d)
ω ≡ ω(hσ), W (T ) ≡W (hσ;T ), hσ ∈ Aut(g) (4.16e)
which are implied by comparing the last two entries of each line in Eq. (4.15). This
set of consistency relations expresses the Lie symmetry of the WZW models, and these
relations can be easily checked from the explicit forms given in Eq. (4.7). In fact, as we
will emphasize in Subsec. 5.1, such consistency relations together with the behavior of the
fields under space-time parity can be considered as the fundamental symmetries which
allow orientation-reversing automorphisms.
4.4 Geometric Eigenfields
Following the familiar procedure [3, 5, 14, 24, 25] of the orbifold program, we now define
the eigenfields associated to the two-component Einstein coordinates and tensors
U(σ)n(r)µ
i = U(σ)n(r)µ
ae(0)a
i, U †(σ)i
n(r)µ = e(0)i
aU †(σ)a
n(r)µ (4.17a)
X
n(r)µu
σ (ξ)≡xiI˙(ξ)χ(σ)−1n(r)µU †(σ)in(r)µ( 1√2U † I˙ u), u¯ = 0, 1 (4.17b)
∂n(r)µu(ξ)≡ ∂
∂Xn(r)µu(ξ)
= χ(σ)n(r)µU(σ)n(r)µ
i(
√
2Uu
I˙)∂iI˙(ξ) (4.17c)
∂n(r)µu(ξ)X
n(s)νv
σ (ξ) = δn(r)−n(s),0mod ρ(σ)δµ
νδu−v,0mod 2 (4.17d)
W(X)n(r)µun(s)νv≡χ(σ)n(r)µU(σ)n(r)µa(
√
2Uu
I˙)Ω˜(x(X))aI˙
bJ˙
× χ(σ)−1n(s)νU †(σ)bn(s)ν( 1√2(U †)J˙ v) (4.17e)
En(r)µu(T ,X) ≡ χ(σ)n(r)µU(σ)n(r)µi(
√
2Uu
I˙)U(T, σ)UeiI˙ (T, x(X))U
†U †(T, σ) (4.17f)
E(X)n(r)µun(s)νv≡χ(σ)n(r)µU(σ)n(r)µi(
√
2Uu
I˙)e(x(X))iI˙
aJ˙
× χ(σ)−1n(s)νU †(σ)an(s)ν( 1√2(U †)J˙ v) (4.17g)
Gn(r)µu;n(s)νv(X)≡χ(σ)n(r)µχ(σ)n(s)νU(σ)n(r)µiU(σ)n(s)νj(
√
2Uu
I˙)(
√
2Uv
J˙)GiI˙;jJ˙(x(X)) (4.17h)
Bn(r)µu;n(s)νv(X)≡χ(σ)n(r)µχ(σ)n(s)νU(σ)n(r)µiU(σ)n(s)νj(
√
2Uu
I˙)(
√
2Uv
J˙)BiI˙;jJ˙(x(X)) (4.17i)
Hn(r)µu;n(s)νv;n(t)δw(X) ≡ χ(σ)n(r)µχ(σ)n(s)νχ(σ)n(t)δU(σ)n(r)µiU(σ)n(s)νjU(σ)n(t)δk
× (
√
2Uu
I˙)(
√
2Uv
J˙)(
√
2Uw
K˙)HiI˙;jJ˙;kK˙(x(X)) (4.17j)
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where the unitary matrices U(σ), U(T, σ) and U are defined in Eqs. (2.11), (2.16e) and
χ(σ)n(r)µ are the same normalization constants which appear in Eq. (2.14).
Relations among these eigenfields include the following
G(T ,X)Tn(r)µuG−1(T ,X) =W(X)n(r)µun(s)νvTn(s)νv (4.18a)
En(r)µu(T ,X) = −iG−1(T ,X)∂n(r)µuG(T ,X) = E(X)n(r)µun(s)νvTn(s)νv (4.18b)
Gn(r)µu;n(s)νv(X)=−T̂ r
(
(M⊗1l2)
(
G
−1∂n(r)µuGG
−1∂n(s)νvG
))
= E(X)n(r)µun(r′)µ′u′E(X)n(s)νvn(s′)ν′v′Gn(r′)µ′u′;n(s′)ν′v′(σ) (4.18c)
Hn(r)µu;n(s)νv;n(t)δw(X) = ∂n(r)µuBn(s)νv;n(t)δw(X) + cyclic
=En(r)µun(r′)µ′u′En(s)νvn(s′)ν′v′En(t)δwn(t′)δ′w′Fn(r′)µ′u′;n(s′)ν′v′;n(t′)δ′w′(σ) (4.18d)
Fn(r)µu;n(s)νv;n(t)δw(σ) = 2δu+v+w,0mod 2Fn(r)µ;n(s)ν;n(t)δ(σ) (4.18e)
Fn(r)µ;n(s)ν;n(t)δ(σ) = Fn(r)µ;n(s)νn(t′),δ′(σ)Gn(t′),δ′;n(t)δ(σ) (4.18f)
ǫABC T̂ r
(
(M⊗ 1l) (G−1∂AGG−1∂BGG−1∂CG)) = ∂Aj˜A(ξ) (4.18g)
j˜A(ξ) = 32ǫ
ABC∂BX
n(r)µu(ξ)∂CX
n(s)νv(ξ)Bn(r)µu;n(s)νv(X(ξ)) (4.18h)
where the eigengroup element, the total twisted metric and the ordinary twisted metric
were defined in Eqs. (2.16a), (2.19b) and (2.14) respectively. The F(σ) on the right side of
Eq. (4.18e) is the totally antisymmetric form of the ordinary twisted structure constants
defined in Eq. (2.14).
As above, these eigenfields are constructed to have diagonal responses to the orientation-
reversing automorphism:
X
n(r)µu
σ (ξ)
′ = Xn(r)µuσ (ξ)e
2πi(
n(r)
ρ(σ)
+u
2
), ∂n(r)µu(ξ)
′ = e−2πi(
n(r)
ρ(σ)
+u
2
)∂n(r)µu(ξ) (4.19a)
En(r)µu(T ,X)′ = En(r)µu(T ,X′) = e−2πi(
n(r)
ρ(σ)
+u
2
)E(T, σ)En(r)µu(T ,X)E∗(T, σ) (4.19b)
E(X)n(r)µun(s)νv ′ = E(X′)n(r)µun(s)νv = e−2πi(
n(r)−n(s)
ρ(σ)
+u−v
2
)E(X)n(r)µun(s)νv (4.19c)
Gn(r)µu;n(s)νv(X)′ = Gn(r)µu;n(s)νv(X′) = e−2πi(
n(r)+n(s)
ρ(σ)
+u+v
2
)Gn(r)µu;n(s)νv(X) (4.19d)
Bn(r)µu;n(s)νv(X)′ = Bn(r)µu;n(s)νv(X′) = e−2πi(
n(r)+n(s)
ρ(σ)
+u+v
2
)Bn(r)µu;n(s)νv(X) (4.19e)
Hn(r)µu;n(s)νv;n(t)δw(X)′ = Hn(r)µu;n(s)νv;n(t)δw(X′)
= e
−2πi(n(r)+n(s)+n(t)
ρ(σ)
+u+v+w
2
)Hn(r)µu;n(s)νv;n(t)δw(X) . (4.19f)
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To obtain these responses, we have used the action (4.14) of hˆσ, the definitions in Eq. (4.17)
and the H-eigenvalue problems in Eq. (2.11).
Using the explicit forms (4.7) of the original fields, these eigenfields can also be explicitly
evaluated as
W(X) = G−1(T˜ adj ,X) = e−iY(X), Y(X) ≡ Xn(r)µuσ T˜ adjn(r)µτu (4.20a)
(T˜ adjn(r)µ)n(s)νn(t)δ≡−iFn(r)µ;n(s)νn(t)δ(σ)=χ(σ)n(s)νχ(σ)−1n(t)δTn(r)µ(T adj , σ)n(s)νn(t)δ (4.20b)
[T˜ adjn(r)µ, T˜ adjn(s)ν ] = iFn(r)µ;n(s)νn(r)+n(s),δ(σ)T˜ adjn(r)+n(s),δ (4.20c)
E(X)n(r)µun(s)νv =
(
eiY(X)−1
iY(X)
) n(s)νv
n(r)µu
, E(0) = 1l (4.20d)
Gn(r)µu;n(s)νv(X) =
(
eiY(X)+e−iY(X)−2
(iY(X))2
) n(t)δw
n(r)µu
Gn(t)δw;n(s)νv(σ) (4.20e)
Bn(r)µu;n(s)νv(X) =
(
eiY(X)−e−iY(X)−2iY(X)
(iY(X))2
) n(t)δw
n(r)µu
Gn(t)δw;n(s)νv(σ) (4.20f)
where the matrices T˜ in Eq. (4.20b) are the so-called rescaled twisted representation ma-
trices [24]. Because of the Pauli matrices in Y , it is not difficult to check that all these
eigenfields have only two independent components in the two-dimensional space:
W(X)n(r)µun(s)νv =W(u−v)(X)n(r)µn(s)ν , E(X)n(r)µun(s)νv = E (u−v)(X)n(r)µn(s)ν (4.21a)
Gn(r)µu;n(s)νv(X) = G(u+v)n(r)µ;n(s)ν(X), Bn(r)µu;n(s)νv(X) = B(u+v)n(r)µ;n(s)ν(X) (4.21b)
Hn(r)µu;n(s)νv;n(t)δw(X) = H(u+v+w)n(r)µ;n(s)ν;n(t)δ(X), u¯, v¯, w¯ ∈ {0, 1} . (4.21c)
This fact is also apparent when the eigenfields are expressed in terms of the standard
eigenfields [24] of space-time orbifold theory.
X
n(r)µu
σ (ξ) =
1
2
(
X
n(r)µ
σ (ξ)− (−1)uXn(r)µσ (−ξ)
)
(4.22a)
W(X(x))n(r)µun(s)νv = 12
(W(x0)n(r)µn(s)ν + (−1)u−vW(x1)n(r)µn(s)ν) (4.22b)
E(X(x))n(r)µun(s)νv = 12
(E(x0)n(r)µn(s)ν + (−1)u−vE(x1)n(r)µn(s)ν) (4.22c)
Gn(r)µu;n(s)νv(X(x)) = Gn(r)µ;n(s)ν(x0) + (−1)u+vGn(r)µ;n(s)ν(x1) (4.22d)
Bn(r)µu;n(s)νv(X(x)) = Bn(r)µ;n(s)ν(x0) + (−1)u+vBn(r)µ;n(s)ν(x1) (4.22e)
Hn(r)µun(s)νv;n(t)δw(X(x)) = Hn(r)µ;n(s)ν;n(t)δ(x0) + (−1)u+v+wHn(r)µ;n(s)ν;n(t)δ(x1) (4.22f)
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X
n(r)µ
σ (ξ) ≡ xi(ξ)χ(σ)−1n(r)µU †(σ)in(r)µ (4.22g)
W(x)n(r)µn(s)ν ≡ χ(σ)n(r)µU(σ)n(r)µaΩ(x)abχ(σ)−1n(s)νU †(σ)bn(s)ν (4.22h)
E(x)n(r)µn(s)ν ≡ χ(σ)n(r)µU(σ)n(r)µie(x)iaχ(σ)−1n(s)νU †(σ)an(s)ν (4.22i)
Gn(r)µ;n(s)ν(x) ≡ χ(σ)n(r)µχ(σ)n(s)νU(σ)n(r)µiU(σ)n(s)νjGij(x) (4.22j)
Bn(r)µ;n(s)ν(x) ≡ χ(σ)n(r)µχ(σ)n(s)νU(σ)n(r)µiU(σ)n(s)νjBij(x) (4.22k)
Hn(r)µ;n(s)ν;n(t)δ(x)≡χ(σ)n(r)µχ(σ)n(s)νχ(σ)n(t)δU(σ)n(r)µiU(σ)n(s)ν jU(σ)n(t)δkHijk(x) (4.22l)
which are obtained by using Eq. (A.3c) to do the internal sums on the two-component
indices I˙ in Eq. (4.17).
Many of the eigenfields also diagonalize the behavior under world-sheet parity:
X
n(r)µu
σ (−ξ) = −Xn(r)µvσ (ξ)(τ3)vu = (−1)u+1Xn(r)µuσ (ξ) (4.23a)
∂n(r)µu(−ξ) = (−1)u+1∂n(r)µu(ξ) (4.23b)
Yn(r)µun(s)νv(X(−ξ)) = (−1)u+v+1Yn(r)µun(s)νv(X(ξ)) (4.23c)
Gn(r)µu;n(s)νv(X(−ξ)) = (−1)u+vGn(r)µu;n(s)νv(X(ξ)) (4.23d)
Bn(r)µu;n(s)νv(X(−ξ)) = (−1)u+v+1Bn(r)µu;n(s)νv(X(ξ)) (4.23e)
Hn(r)µu;n(s)νv;n(t)δw(X(−ξ)) = (−1)u+v+wHn(r)µu;n(s)νv;n(t)δw(X(ξ)) . (4.23f)
These relations follow from the corresponding world-sheet parities in Eq. (4.4), but the
relations in (4.23d,e) also follow from (4.23c) and the explicit forms in Eq. (4.20). More
complicated behavior is obtained for other eigenfields
W(X(−ξ))n(r)µun(s)νv = (−1)u−vW−1(X(ξ))n(r)µun(s)νv (4.24a)
E(X(−ξ))n(r)µun(s)νv = (−1)u−v (E(X(ξ))W(X(ξ)))n(r)µu n(s)νv (4.24b)
where we have used Eqs. (4.4), (4.17e) and (4.17g).
Finally, we may reexpress the strip form (4.11a) of the WZW action in terms of the
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eigenfields:
S stripWZW =
∫
dt
∫ π
0
dξ L (4.25a)
L = 1
8π
(Gn(r)µu;n(s)νv(X) + Bn(r)µu;n(s)νv(X)) ∂+Xn(r)µu∂−Xn(s)νv
=
1
8π
(
G(u+v)n(r)µ;n(s)ν(X) + B(u+v)n(r)µ;n(s)ν(X)
)
∂+X
n(r)µu
σ ∂−X
n(s)νv
σ
=
1
8π
1∑
w=0
(
G(w)n(r)µ;n(s)ν(X) + B(w)n(r)µ;n(s)ν(X)
) 1∑
u=0
∂+X
n(r)µu∂−X
n(s)ν,w−u . (4.25b)
This form can also be obtained from the WZW action (3.7) on Γ1/2 by using the identity
(4.18c), the Gauss’ law (4.18g) and Eq. (4.9).
4.5 Einstein Geometry of the Twisted Open WZW Strings
We now move to the twisted fields, using the principle of local isomorphisms [3, 5, 14, 24]
G −→
σ
gˆ, X −→
σ
xˆ, W −→
σ
Ωˆ, E −→
σ
eˆ (4.26a)
G −→
σ
Gˆ, B −→
σ
Bˆ, H −→
σ
Hˆ, j˜ −→
σ
jˆ (4.26b)
S stripWZW −→σ Sˆ
strip
gˆO(σ)
(4.26c)
to map the eigenfields and the action to the twisted fields and the action formulation of
the twisted open-string sector.
We begin with some useful relations among the twisted fields
xˆn(r)µuσ ≡ xˆn(r)µuσ (ξ, t), ∂ˆn(r)µu(ξ) ≡
∂
∂xˆn(r)µu(ξ)
, u¯ = 0, 1 (4.27a)
gˆ(T , xˆ)Tn(r)µugˆ−1(T , xˆ) = Ωˆ(xˆ)n(r)µun(s)νvTn(s)νv (4.27b)
eˆn(r)µu(T , xˆ) = −igˆ−1(T , xˆ)∂ˆn(r)µugˆ(T , xˆ) = eˆ(xˆ)n(r)µun(s)νvTn(s)νv (4.27c)
eˆ(xˆ)n(r)µu
n(s)νv = −iT̂ r
(
(M⊗ 1l2)gˆ−1(T , xˆ)∂ˆn(r)µugˆ(T , xˆ)Gn(s)νv;n(t)δw(σ)Tn(t)δw
)
(4.27d)
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Gˆn(r)µu;n(s)νv(xˆ) = −T̂ r
(
(M⊗ 1l2)gˆ−1∂ˆn(r)µugˆgˆ−1∂ˆn(s)νvgˆ
)
= eˆ(xˆ)n(r)µu
n(r′)µ′u′ eˆ(xˆ)n(s)νv
n(s′)ν′v′Gn(r′)µ′u′;n(s′)ν′v′(σ) (4.27e)
= eˆ(xˆ)n(r)µu
n(r′)µ′u′ eˆ(xˆ)n(s)νv
−n(r′),ν′,−u′Gn(r′)µ′u′;−n(r′),ν′,−u′(σ) (4.27f)
Hˆn(r)µu;n(s)νv;n(t)δw(xˆ) = ∂ˆn(r)µuBˆn(s)νv;n(t)δw(xˆ) + cyclic
= eˆn(r)µu
n(r′)µ′u′ eˆn(s)νv
n(s′)ν′v′ eˆn(t)δw
n(t′)δ′w′Fn(r′)µ′u′;n(s′)ν′v′;n(t′)δ′w′(σ) (4.27g)
ǫABC T̂ r
(
(M⊗ 1l) (gˆ−1∂Agˆgˆ−1∂B gˆgˆ−1∂C gˆ)) = ∂AjˆA(ξ) (4.27h)
jˆA(ξ) = 32ǫ
ABC∂Bxˆ
n(r)µu
σ (ξ)∂C xˆ
n(s)νv
σ (ξ)Bˆn(r)µu;n(s)νv(xˆ(ξ)) (4.27i)
which follow by local isomorphisms from the corresponding relations among the eigenfields.
Here G•(σ) in (4.27d) is the total inverse twisted metric defined in Eq. (3.20d), and we have
used the selection rule (2.14a) for the tangent-space metric G•(σ) to obtain the reduced
form (4.27f) of the twisted Einstein metric Gˆ(xˆ). A similar reduced form of the twisted
torsion Hˆ(xˆ) can be obtained by using the selection rules (2.13a,b), (4.18e). The quantity
jˆA(ξ) in Eq. (4.27i) will be called the twisted winding-number current.
From Eqs. (4.23), (4.24), the principle of local isomorphisms also gives us the world-
sheet parities of the twisted fields:
xˆn(r)µuσ (−ξ) = −xˆn(r)µvσ (ξ)(τ3)vu = (−1)u+1xˆn(r)µuσ (ξ) (4.28a)
∂ˆn(r)µu(−ξ) = (−1)u+1∂ˆn(r)µu(ξ) (4.28b)
Ωˆ(xˆ(−ξ))n(r)µun(s)νv = (−1)u−vΩˆ−1(xˆ(ξ))n(r)µun(s)νv (4.28c)
eˆ(xˆ(−ξ))n(r)µun(s)νv = (−1)u−v
(
eˆ(xˆ(ξ))Ωˆ(xˆ(ξ))
) n(s)νv
n(r)µu
(4.28d)
Gˆn(r)µu;n(s)νv(xˆ(−ξ)) = (−1)u+vGˆn(r)µu;n(s)νv(xˆ(ξ)) (4.28e)
Bˆn(r)µu;n(s)νv(xˆ(−ξ)) = (−1)u+v+1Bˆn(r)µu;n(s)νv(xˆ(ξ)) (4.28f)
Hˆn(r)µu;n(s)νv;n(t)δw(xˆ(−ξ)) = (−1)u+v+wHˆn(r)µu;n(s)νv;n(t)δw(xˆ(ξ)) (4.28g)
jˆξ(−ξ) = −jˆξ(ξ), jˆt,ρ(−ξ) = jˆt,ρ(ξ) . (4.28h)
We also give the explicit functional forms
Ωˆ(xˆ) = e−iYˆ (xˆ), Yˆ (xˆ) ≡ xˆn(r)µuσ T˜ adjn(r)µτu (4.29a)
eˆ(xˆ)n(r)µu
n(s)νv=
(
eiYˆ (xˆ)−1
iYˆ (xˆ)
) n(s)νv
n(r)µu
, eˆ(0)n(r)µu
n(s)νv=δνµδn(r)+n(s),0mod ρ(σ)δu+v,0mod 2 (4.29b)
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Gˆn(r)µu;n(s)νv(xˆ) =
(
eiYˆ (xˆ)+e−iYˆ (xˆ)−2
(iYˆ (xˆ))2
) n(t)δw
n(r)µu
Gn(t)δw;n(s)νv(σ)
=
(
eiYˆ (xˆ)+e−iYˆ (xˆ)−2
(iYˆ (xˆ))2
) n(t)δw
n(s)νv
Gn(t)δw;n(r)µu(σ)
=
(
eiYˆ (xˆ)+e−iYˆ (xˆ)−2
(iYˆ (xˆ))2
) −n(s),ν,−v
n(r)µu
G−n(s),ν,−v;n(s)νv(σ) (4.29c)
Bˆn(r)µu;n(s)νv(xˆ) =
(
eiYˆ (xˆ)−e−iYˆ (xˆ)−2iYˆ (xˆ)
(iYˆ (xˆ))2
) n(t)δw
n(r)µu
Gn(t)δw;n(s)νv(σ)
= −
(
eiYˆ (xˆ)−e−iYˆ (xˆ)−2iYˆ (xˆ)
(iYˆ (xˆ))2
) n(t)δw
n(s)νv
Gn(t)δw;n(r)µu(σ)
=
(
eiYˆ (xˆ)−e−iYˆ (xˆ)−2iYˆ (xˆ)
(iYˆ (xˆ))2
) −n(s),ν,−v
n(r)µu
G−n(s),ν,−v;n(s)νv(σ) (4.29d)
which follow by local isomorphisms from Eq. (4.20). The rescaled matrices T˜ adj which
appear in these formulae were defined in Eq. (4.20b).
Like the group orbifold elements in Eq. (2.23) and the twisted Einstein coordinates
(4.27a), the explicit functional forms in Eq. (4.29) tell us that the other twisted fields are
also two-component fields
Ωˆ(xˆ)n(r)µu
n(s)νv = Ωˆ(u−v)(xˆ)n(r)µ
n(s)ν , Ωˆ−1(xˆ)n(r)µu
n(s)νv = Ωˆ−1(u−v)(xˆ)n(r)µ
n(s)ν (4.30a)
eˆ(xˆ)n(r)µu
n(s)νv = eˆ(u−v)(xˆ)n(r)µ
n(s)ν (4.30b)
Gˆn(r)µu;n(s)νv(xˆ) = Gˆ
(u+v)
n(r)µ;n(s)ν(xˆ), Bˆn(r)µu;n(s)νv(xˆ) = Bˆ
(u+v)
n(r)µ;n(s)ν(xˆ) (4.30c)
Hˆn(r)µu;n(s)νv;n(t)δw(xˆ) = Hˆ
(u+v+w)
n(r)µ;n(s)ν;n(t)δ(xˆ), u¯, v¯, w¯ ∈ {0, 1} (4.30d)
and all of the relations above simplify accordingly. For example, the following world-sheet
parities of the reduced components
Ωˆ(w)(xˆ(−ξ))n(r)µn(s)ν = (−1)wΩˆ−1(w)(xˆ(ξ))n(r)µn(s)ν (4.31a)
eˆ(w)(xˆ(−ξ))n(r)µn(s)ν = (−1)w
1∑
v=0
eˆ(v)(xˆ(ξ))n(r)µ
n(t)δΩˆ(w−v)(xˆ(ξ))n(t)δ
n(s)ν (4.31b)
Gˆ
(w)
n(r)µ;n(s)ν(xˆ(−ξ)) = (−1)wGˆ(w)n(r)µ;n(s)ν(xˆ(ξ)) (4.31c)
Bˆ
(w)
n(r)µ;n(s)ν(xˆ(−ξ)) = (−1)w+1Bˆ(w)n(r)µ;n(s)ν(xˆ(ξ)) (4.31d)
Hˆ
(w)
n(r)µ;n(s)ν;n(t)δ(xˆ(−ξ)) = (−1)wHˆ(w)n(r)µ;n(s)ν;n(t)δ(xˆ(ξ)) (4.31e)
are obtained by substitution of the reduced forms (4.30) into Eq. (4.28).
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The open-string sigma-model form of the WZW orientation-orbifold action can be ob-
tained by derived local isomorphisms from the (eigenfield) sigma-model form (4.25) of the
WZW action:
Sˆ stripgˆO(σ) ≡
∫
dt
∫ π
0
dξ LˆWZWσ (4.32a)
LˆWZWσ =
1
8π
(
Gˆn(r)µu;n(s)νv(xˆ) + Bˆn(r)µu;n(s)νv(xˆ)
)
∂+xˆ
n(r)µu
σ ∂−xˆ
n(s)νv
σ
=
1
8π
(
Gˆ
(u+v)
n(r)µ;n(s)ν(xˆ) + Bˆ
(u+v)
n(r)µ;n(s)ν(xˆ)
)
∂+xˆ
n(r)µu
σ ∂−xˆ
n(s)νv
σ
=
1
8π
1∑
w=0
(
Gˆ
(w)
n(r)µ;n(s)ν(xˆ) + Bˆ
(w)
n(r)µ;n(s)ν(xˆ)
) 1∑
u=0
∂+xˆ
n(r)µu
σ ∂−xˆ
n(s)ν,w−u
σ (4.32b)
Sˆ stripgˆO(σ) = SˆgˆO(σ)[M⊗1l2, gˆ; Γ1
2
] . (4.32c)
We finally comment on the equivalence (4.32c) of the WZW orientation-orbifold action
(3.9) on Γ1/2 and this open-string sigma-model form on the strip, both of which followed
above for all hˆσ by local isomorphisms – without the use of monodromy. Using the twisted
Gauss’ law (4.27h) and the form of the twisted Einstein metric in Eq. (4.27e) to compare
these two actions, we find the (3↔2)-dimensional consistency relation∫
Γ 1
2̂
Tr
(
(M⊗ 1l2)(gˆ−1(T , ξ)dgˆ(T , ξ))3
)
= −32
∫
dt
∫ π
0
dξ Bˆn(r)µu;n(s)νv(xˆ)∂+xˆ
n(r)µu∂−xˆ
n(s)νv (4.33a)
⇒
∫
y=0
dtdx(−~ey · jˆ) =
∫
y=0
dtdx(jˆξ(π)− jˆξ(0)) = 0 (4.33b)
which requires (as in Subsec. 4.2) a vanishing contribution from the flat side of the solid
half cylinder for all hˆσ. The local form of this boundary condition on the twisted winding-
number current
jˆξ(0) = jˆξ(π) = 0 (4.34)
is verified explicitly for the case h2σ = 1 in the following subsection. Another set of boundary
conditions can be obtained in the usual fashion by variation of the open-string sigma-model
form (4.32) of the action, but we will discuss these variational boundary conditions more
generally in Subsec. 5.2.
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4.6 Monodromies and Extra Boundary Conditions
As above, we can obtain further structure in the case h2σ = 1, for which local isomorphisms
gives us the monodromies of all the twisted open-string fields:
h2σ = 1: automorphic responses −→
σ
monodromies (4.35a)
gˆ(T , xˆ(ξ + 2π)) = τ3E(T, σ)gˆ(T , xˆ(ξ))E∗(T, σ)τ3 (4.35b)
xˆn(r)µuσ (ξ + 2π) = xˆ
n(r)µu
σ (ξ)e
2πi(
n(r)
ρ(σ)
+u
2
), u¯ = 0, 1 (4.35c)
∂ˆn(r)µu(ξ) ≡ ∂
∂xˆn(r)µu(ξ)
, ∂ˆn(r)µu(ξ + 2π) = e
−2πi(n(r)
ρ(σ)
+u
2
)
∂ˆn(r)µu(ξ) (4.35d)
∂ˆn(r)µu(ξ)xˆ
n(s)νv
σ (ξ) = δµ
νδn(r)−n(s),0mod ρ(σ)δu−v,0mod 2 (4.35e)
Ωˆ(xˆ(ξ + 2π))n(r)µu
n(s)νv = e−2πi(
n(r)−n(s)
ρ(σ)
+u−v
2
)Ωˆ(xˆ(ξ))n(r)µu
n(s)νv (4.35f)
eˆn(r)µu(T , xˆ(ξ + 2π)) = e−2πi(
n(r)
ρ(σ)
+u
2
)τ3E(T, σ)eˆn(r)µu(T , xˆ(ξ))E∗(T, σ)τ3 (4.35g)
eˆ(xˆ(ξ + 2π))n(r)µu
n(s)νv = e−2πi(
n(r)−n(s)
ρ(σ)
+u−v
2
)eˆ(xˆ(ξ))n(r)µu
n(s)νv (4.35h)
Gˆn(r)µu;n(s)νv(xˆ(ξ + 2π)) = e
−2πi(n(r)+n(s)
ρ(σ)
+u+v
2
)Gˆn(r)µu;n(s)νv(xˆ(ξ)) (4.35i)
Bˆn(r)µu;n(s)νv(xˆ(ξ + 2π)) = e
−2πi(n(r)+n(s)
ρ(σ)
+u+v
2
)Bˆn(r)µu;n(s)νv(xˆ(ξ)) (4.35j)
Hˆn(r)µu;n(s)νv;n(t)δw(xˆ(ξ + 2π)) = e
−2πi(n(r)+n(s)+n(t)
ρ(σ)
+u+v+w
2
)Hˆn(r)µu;n(s)νv;n(t)δw(xˆ(ξ)) (4.35k)
jˆA(ξ + 2π) = jˆA(ξ) (4.35l)
LˆWZWσ (xˆ(ξ + 2π)) = LˆWZWσ (xˆ(ξ)) . (4.35m)
The restriction (4.35a) to h2σ = 1 follows from the discussion of Subsec. 3.2 (and in partic-
ular, from Eq. (2.29)) and our choice of coordinate system x = β in Eq. (4.2).
For the reduced components Aˆ(w) of the twisted fields, one finds that the monodromies
Ωˆ(w)(xˆ(ξ + 2π))n(r)µ
n(s)ν = e−2πi(
n(r)−n(s)
ρ(σ)
+w
2
)Ωˆ(w)(xˆ(ξ))n(r)µ
n(s)ν (4.36a)
eˆ(w)(xˆ(ξ + 2π))n(r)µ
n(s)ν = e−2πi(
n(r)−n(s)
ρ(σ)
+w
2
)eˆ(w)(xˆ(ξ))n(r)µ
n(s)ν (4.36b)
Gˆ
(w)
n(r)µ;n(s)ν(xˆ(ξ + 2π)) = e
−2πi(n(r)+n(s)
ρ(σ)
+w
2
)
Gˆ
(w)
n(r)µ;n(s)ν(xˆ(ξ)) (4.36c)
Bˆ
(w)
n(r)µ;n(s)ν(xˆ(ξ + 2π)) = e
−2πi(n(r)+n(s)
ρ(σ)
+w
2
)Bˆ
(w)
n(r)µ;n(s)ν(xˆ(ξ)) (4.36d)
Hˆ
(w)
n(r)µ;n(s)ν;n(t)δ(xˆ(ξ + 2π)) = e
−2πi(n(r)+n(s)+n(t)
ρ(σ)
+w
2
)Hˆ
(w)
n(r)µ;n(s)ν;n(t)δ(xˆ(ξ)) (4.36e)
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follow from Eqs. (4.35) and (4.30).
Then following steps analogous to those given in Eq. (3.30), the monodromies (4.35c),
(4.36) and the world-sheet parities (4.28a), (4.31) give the boundary conditions for the
twisted fields on the strip:
xˆn(r)µ0σ (0) = 0, xˆ
n(r)µu
σ (π) = 0 unless
n(r)
ρ(σ) ∈ Z+ 12 (4.37a)
(∂txˆ
n(r)µ0
σ )(0) = 0, (∂txˆ
n(r)µu
σ )(π) = 0 unless
n(r)
ρ(σ) ∈ Z+ 12 (4.37b)
(∂ξxˆ
n(r)µ1
σ )(0) = 0, (∂ξxˆ
n(r)µu
σ )(π) = 0 unless
n(r)
ρ(σ) ∈ Z (4.37c)
[Ωˆ(0)(xˆ), Ωˆ(1)(xˆ)] = 0, Ωˆ(0)(xˆ)2 − Ωˆ(1)(xˆ)2=1l at ξ = 0 (4.37d)
Ωˆ(0)(xˆ)E(σ)Ωˆ(0)(xˆ) + Ωˆ(1)(xˆ)E(σ)Ωˆ(1)(xˆ) = E(σ)
Ωˆ(0)(xˆ)E(σ)Ωˆ(1)(xˆ) + Ωˆ(1)(xˆ)E(σ)Ωˆ(0)(xˆ) = 0
}
at ξ = π (4.37e)
1∑
v=0
eˆ(v)(xˆ(0))n(r)µ
n(t)δ
(
δwv δn(t)δ
n(s)ν − (−1)wΩˆ(w−v)(xˆ(0))n(t)δn(s)ν
)
= 0 (4.37f)
1∑
v=0
eˆ(v)(xˆ(π))n(r)µ
n(t)δ
(
δwv δn(t)δ
n(s)νe2πi(
n(r)−n(t)
ρ(σ)
) − Ωˆ(w−v)(xˆ(π))n(t)δn(s)ν
)
= 0 (4.37g)
Gˆ
(1)
n(r)µ;n(s)ν(xˆ(0)) = 0, Gˆ
(w)
n(r)µ;n(s)ν(xˆ(π)) = 0 unless
n(r)+n(s)
ρ(σ) ∈ Z (4.37h)
(∂ξGˆ
(0)
n(r)µ;n(s)ν)(xˆ(0)) = 0, (∂ξGˆ
(w)
n(r)µ;n(s)ν)(xˆ(π)) = 0 unless
n(r)+n(s)
ρ(σ) ∈ Z+ 12 (4.37i)
Bˆ
(0)
n(r)µ;n(s)ν(xˆ(0)) = 0, Bˆ
(w)
n(r)µ;n(s)ν(xˆ(π)) = 0 unless
n(r)+n(s)
ρ(σ) ∈ Z+ 12 (4.37j)
(∂ξBˆ
(1)
n(r)µ;n(s)ν)(xˆ(0)) = 0, (∂ξBˆ
(w)
n(r)µ;n(s)ν)(xˆ(π)) = 0 unless
n(r)+n(s)
ρ(σ) ∈ Z (4.37k)
Hˆ
(1)
n(r)µ;n(s)ν;n(t)δ(xˆ(0))=0, Hˆ
(w)
n(r)µ;n(s)ν;n(t)δ(xˆ(π))=0 unless
n(r)+n(s)+n(t)
ρ(σ) ∈Z (4.37l)
(∂ξHˆ
(0)
n(r)µ;n(s)ν;n(t)δ)(xˆ(0)) = 0 (4.37m)
(∂ξHˆ
(w)
n(r)µ;n(s)ν;n(t)δ)(xˆ(π)) = 0 unless
n(r)+n(s)+n(t)
ρ(σ) ∈ Z+ 12 . (4.37n)
The eigenvalue matrix E(σ) which appears in Eq. (4.37e) was defined in Eq. (2.11). Here
we gave the ∂t boundary conditions explicitly for xˆ only, but the ∂t boundary conditions
for Gˆ, Bˆ and Hˆ are also the same as those for the fields themselves.
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We also remark that the trivial monodromy (4.35l) and the world-sheet parity (4.28h)
of the twisted winding-number current jˆ show that the (3↔ 2)-dimensional consistency
relation (4.33b) is satisfied explicitly
monodromy + world-sheet parity ⇒ jˆξ(0) = jˆξ(π) = 0 (4.38)
in parallel with the discussion of the untwisted case in Subsec. 4.1.
As noted above, all the boundary conditions of this subsection at ξ = π are true only
for h2σ = 1, while all the boundary conditions at ξ = 0 follow from the world-sheet parity
alone – and hence are valid for all hˆσ. Moreover, the boundary conditions of this subsection
should be considered as further substructure of the WZW orientation-orbifold branes.
5 Sigma-Model Orientation Orbifolds
5.1 Sigma Models with Orientation-Reversing Symmetry
We consider here the nonlinear sigma model AM on a general target-space manifold M
with local‡6 Einstein coordinates xi, i = 1 . . .dim M :
S =
1
8π
∫
dt
∫ 2π
0
dξ (Gij(x) +Bij(x)) ∂+x
i∂−x
j , ∂± = ∂t ± ∂ξ (5.1a)
Hijk(x) = ∂iBjk(x) + ∂jBki(x) + ∂kBij(x), x
i(ξ + 2π) = xi(ξ) . (5.1b)
We begin by requiring that the sigma model action is invariant under the basic orientation-
reversing automorphism:
hˆσ = τ1 × 1l (5.2a)
xi(ξ)′ = −xi(−ξ), Gij(x)′ = Gij(x′), Bij(x)′ = Bij(x′), Hijk(x)′ = Hijk(x′) . (5.2b)
Then one finds
S ′ =
1
8π
∫
dt
∫ 2π
0
dξ (Gij(−x(−ξ)) +Bij(−x(−ξ))) ∂+xi(−ξ)∂−xj(−ξ) (5.3a)
=
1
8π
∫
dt
∫ 0
−2π
dξ (Gij(−x(ξ)) +Bij(−x(ξ))) ∂−xi(ξ)∂+xj(ξ)
‡6A complete treatment of the nonlinear sigma model should include discussion of global issues (in which
the discussion of the text pertains to a coordinate patch), but we will not do so here.
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=
1
8π
∫
dt
∫ 2π
0
dξ (Gij(−x(ξ)) +Bij(−x(ξ))) ∂−xi(ξ)∂+xj(ξ)
=
1
8π
∫
dt
∫ 2π
0
dξ (Gij(−x(ξ))− Bij(−x(ξ))) ∂+xi(ξ)∂−xj(ξ) ≡ S (5.3b)
where we needed the space-time parities
Gij(−x) = Gij(x), Bij(−x) = −Bij(x) −→ Hijk(−x) = Hijk(x) (5.4)
in the last step to obtain the invariance S ′ = S. It follows that the space-time parity
(5.4) is a necessary and sufficient condition for invariance of the sigma model under the
basic orientation-reversing automorphism. In other words, orientation reversal is in the
automorphism group of the isometry group of the manifold M
τ1 × 1l ∈ Aut(Iso M) (5.5)
iff M satisfies the space-time parities in Eq. (5.4).
We recall that the space-time parity (5.4) was verified explicitly in Subsec. 5.1 for the
special case of the general WZW model, and hence follows as well for any principal chiral
model. We have also checked (see App. B) that the space-time parity (5.4) holds for all
reductive g/h coset conformal field theories. In what follows, our discussion is restricted
to such orientation-symmetric sigma models, although the classification of these models is
beyond the scope of this paper.
As discussed above for WZW, the following two-component form of the sigma model
on the strip
S =
∫
dt
∫ π
0
dξL (5.6a)
L = 1
8π
(
GiI˙;jJ˙(x) +BiI˙;jJ˙(x)
)
∂+x
iI˙∂−x
jJ˙ (5.6b)
xiI˙(ξ) ≡ (−1)I˙xi((−1)I˙ξ), xiI˙(ξ + 2π) = xiI˙(ξ) (5.6c)
GiI˙;jJ˙(x) ≡ δI˙ J˙Gij(xI˙), BiI˙;jJ˙(x) ≡ δI˙ J˙Bij(xI˙) (5.6d)
HiI˙;jJ˙;kK˙(x) ≡ ∂iI˙BjJ˙ ;kK˙(x) + cyclic = δI˙ J˙δJ˙K˙Hijk(xI˙), I˙ , J˙ , K˙ ∈ {0, 1} (5.6e)
is an equivalent form of the sigma model if and only if the space-time parity (5.4) holds.
Using the space-time parities in Eq. (5.4) and the definitions in Eq. (5.6), we also find
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the world-sheet parities of all the two-component fields of the sigma model (5.6b):
xiI˙(−ξ) = −xiJ˙(ξ)(τ1)J˙ I˙ , ∂iI˙(−ξ) = −(τ1)I˙ J˙∂iJ˙ (ξ) (5.7a)
GiI˙;jJ˙(x(−ξ)) = (τ1)I˙ K˙(τ1)J˙ L˙GiK˙;jL˙(x(ξ)) (5.7b)
HiI˙;jJ˙;kK˙(x(−ξ)) = (τ1)I˙ L˙(τ1)J˙ M˙(τ1)K˙N˙HiL˙;jM˙ ;kN˙(x(ξ)) (5.7c)
BiI˙;jJ˙(x(−ξ)) = −(τ1)I˙ K˙(τ1)J˙ L˙BiK˙;jL˙(x(ξ)) . (5.7d)
These forms are the same as those found above (see Eq. (4.4)) for the corresponding two-
component WZW fields.
In the two-component notation of Eq. (5.6), the basic orientation-reversing automor-
phism (5.2b) can be written as
xiI˙(ξ)′ = xiJ˙ (ξ)(τ1)J˙
I˙ (5.8a)
GiI˙;jJ˙(x)
′ = GiI˙;jJ˙(x
′) = (τ1)I˙
K˙(τ1)J˙
L˙GiK˙;jL˙(x) (5.8b)
BiI˙;jJ˙(x)
′ = BiI˙;jJ˙(x
′) = (τ1)I˙
K˙(τ1)J˙
L˙BiK˙;jL˙(x) (5.8c)
HiI˙;jJ˙;kK˙(x)
′ = HiI˙;jJ˙;kK˙(x
′) = (τ1)I˙
L˙(τ1)J˙
M˙(τ1)K˙
N˙HiL˙;jM˙;kN˙(x) (5.8d)
and the invariance of the strip action (5.6) under (5.8) is transparent.
We may further require that the more general orientation reversal
xiI˙(ξ)′ = xjJ˙(ξ)ω†(hσ)j
i(τ1)J˙
I˙ (5.9a)
GiI˙;jJ˙(x)
′ = GiI˙;jJ˙(x
′) = ω(hσ)i
kω(hσ)j
l(τ1)I˙
K˙(τ1)J˙
L˙GkK˙;lL˙(x) (5.9b)
BiI˙;jJ˙(x)
′ = BiI˙;jJ˙(x
′) = ω(hσ)i
kω(hσ)j
l(τ1)I˙
K˙(τ1)J˙
L˙BkK˙;lL˙(x) (5.9c)
HiI˙;jJ˙;kK˙(x)
′= HiI˙;jJ˙;kK˙(x
′)
=ω(hσ)i
lω(hσ)j
mω(hσ)k
n(τ1)I˙
L˙(τ1)J˙
M˙(τ1)K˙
N˙HlL˙;mM˙ ;nN˙(x) (5.9d)
is a symmetry S ′ = S of the strip form (5.6) of the sigma model. In particular, this
requirement includes the following symmetry conditions on the original fields
Gij(xω
†) = ωi
kωj
lGkl(x), Bij(xω
†) = ωi
kωj
lBkl(x) (5.10a)
Hijk(xω
†) = ωi
lωj
mωk
nHlmn(x) (5.10b)
which describe the class of nonlinear sigma models with a linear symmetry [24]. Linearity
of the symmetry conditions can be maintained only in certain preferred coordinate systems:
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In conventional terms, we limit ourselves to the special case of a symmetry hσ with one
fixed point of M , and the preferred coordinate system is that in which the fixed point is at
the origin. In a somewhat more general language
hσ ∈ Aut(Iso M) (5.11)
and hσ must also preserve the 2-form B on M .
When M is a group manifold and hσ ∈Aut(g), we already know (see Eq. (4.16)) that
the linear symmetry conditions (5.10) are satisfied for the WZW model on g, and hence for
any principal chiral model on g. In the case of the coset CFTs, the symmetry conditions
(5.10) will also be satisfied so long as the g/h coset construction [6, 7, 33] is hσ-invariant:
This means in particular that the subalgebra h ⊂ g is an hσ-covariant subalgebra of g, as
discussed for the H-invariant coset constructions in Refs. [4, 5, 23].
When the space-time parities (5.4) and the linear symmetry conditions (5.10) are sat-
isfied for all
hˆσ = τ1×hσ ∈ H− ⊂ Aut(Iso M) (5.12)
we will say that the sigma model isH−-symmetric and denote it by AM(H−). The discussion
below is limited to the sigma models in this class.
5.2 The Fields of the Sigma-Model Orientation Orbifolds
The sigma-model eigenfields G,B,H are constructed as shown in Eqs. (4.17h-j), but now
with the WZW eigenvector matrix U(σ) replaced by the eigenvector matrix of the Einstein-
space H-eigenvalue problem [24]
ω(hσ)i
jU †(σ)j
n(r)µ = U †(σ)i
n(r)µEn(r)(σ), U
†(σ)U(σ) = 1l, En(r)(σ) = e
−2πin(r)
ρ(σ) (5.13)
where ω(hσ) appears in the general orientation-reversing automorphism (5.9).
To go to the open-string sectors of the sigma-model orientation orbifold AM (H−)/H−,
we then apply the principle of local isomorphisms
X −→
σ
xˆ, G −→
σ
Gˆ, B −→
σ
Bˆ, H −→
σ
Hˆ (5.14)
as above. For the twisted fields of these open-string sectors, we find the two-component
44
structure
xˆn(r)µuσ ≡ xˆn(r)µuσ (ξ, t), ∂ˆn(r)µu(ξ) =
∂
∂xˆn(r)µu(ξ)
, u¯ = 0, 1 (5.15a)
Gˆn(r)µu;n(s)νv(xˆ) = Gˆ
(u+v)
n(r)µ;n(s)ν(xˆ), Bˆn(r)µu;n(s)νv(xˆ) = Bˆ
(u+v)
n(r)µ;n(s)ν(xˆ) (5.15b)
Hˆn(r)µu;n(s)νv;n(t)δw(xˆ)
= ∂ˆn(r)µuBˆn(s)νv;n(t)δw(xˆ) + ∂ˆn(s)νvBˆn(t)δw;n(r)µu(xˆ) + ∂ˆn(t)δwBˆn(r)µu;n(s)νv(xˆ)
= Hˆ
(u+v+w)
n(r)µ;n(s)ν;n(t)δ(xˆ) (5.15c)
and the world-sheet parities
xˆn(r)µuσ (−ξ) = −xˆn(r)µvσ (ξ)(τ3)vu = (−1)u+1xˆn(r)µuσ (ξ) (5.16a)
Gˆ
(w)
n(r)µ;n(s)ν(xˆ(−ξ)) = (−1)wGˆ(w)n(r)µ;n(s)ν(xˆ(ξ)) (5.16b)
Bˆ
(w)
n(r)µ;n(s)ν(xˆ(−ξ)) = (−1)w+1Bˆ(w)n(r)µ;n(s)ν(xˆ(ξ)) (5.16c)
Hˆ
(w)
n(r)µ;n(s)ν;n(t)δ(xˆ(−ξ)) = (−1)wHˆ(w)n(r)µ;n(s)ν;n(t)δ(xˆ(ξ)) . (5.16d)
Both of these results follow by local isomorphisms from the corresponding properties of the
eigenfields.
To discuss the twisted fields in further detail, we again recall that the commuting
diagrams [3, 24] of orbifold theory hold as well for the orientation orbifolds. We mention
in particular the commuting diagram shown in Fig. 3 for the Einstein coordinates of any
orbifold.
x
✟
❄
χ−1xU † = X
❄
✻
Xˆ
X
χ−1XˆU † = xˆ
❄
✻
xˆ
Each vertical double arrow is a local isomorphism
x = coordinates: mixed under automorphisms
X = eigencoordinates: diagonal under automorphisms
xˆ = twisted coordinates
Xˆ = coordinates with twisted boundary conditions
Fig. 3: Coordinates and orbifold coordinates
The fields Xˆ in Fig. 3, which are locally isomorphic to the original untwisted Einstein
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coordinates
xiI˙(ξ) −→
σ
Xˆ
iI˙
σ (xˆ(ξ)), I˙ = 0, 1 (5.17a)
Xˆ
iI˙
σ (xˆ) ≡ xˆn(r)µuσ χ(σ)n(r)µU(σ)n(r)µi(
√
2Uu
I˙) (5.17b)
xˆn(r)µuσ (Xˆ) = Xˆ
iI˙
σ χ(σ)
−1
n(r)µU
†(σ)i
n(r)µ( 1√
2
U † I˙
u) (5.17c)
∂
∂Xˆ
iI˙
= χ(σ)−1n(r)µU
†(σ)i
n(r)µ( 1√
2
U † I˙
u)∂ˆn(r)µu (5.17d)
∂ˆn(r)µu = χ(σ)n(r)µU(σ)n(r)µ
i(
√
2Uu
I˙)
∂
∂Xˆ
iI˙
(5.17e)
Xˆ
iI˙
σ (xˆ(−ξ)) = −Xˆ
iJ˙
σ (xˆ(ξ))(τ1)J˙
I˙ , Xˆ
iI˙
(−xˆ(ξ)) = −XˆiI˙(xˆ(ξ)) (5.17f)
are generalizations of the Einstein coordinates with twisted boundary conditions [24] in
space-time orbifold theory.
Using the diagram in Fig. 3 and following the construction of Ref. [24], we then obtain
explicit formulas for the twisted fields of the open-string orientation-orbifold sectors
Gˆn(r)µu;n(s)νv(xˆ) =χ(σ)n(r)µχ(σ)n(s)νU(σ)n(r)µ
iU(σ)n(s)ν
j
× (
√
2Uu
I˙)(
√
2Uv
J˙)GiI˙;jJ˙(x→σ Xˆ(xˆ)) (5.18a)
Bˆn(r)µu;n(s)νv(xˆ)≡χ(σ)n(r)µχ(σ)n(s)νU(σ)n(r)µiU(σ)n(s)νj
× (
√
2Uu
I˙)(
√
2Uv
J˙)BiI˙;jJ˙(x→σ Xˆ(xˆ)) (5.18b)
Hˆn(r)µu;n(s)νv;n(t)δw(xˆ)≡χ(σ)n(r)µχ(σ)n(s)νχ(σ)n(t)δU(σ)n(r)µiU(σ)n(s)νjU(σ)n(t)δk
× (
√
2Uu
I˙)(
√
2Uv
J˙)(
√
2Uw
K˙)HiI˙;jJ˙;kK˙(x→σ Xˆ(xˆ)) (5.18c)
in terms of the untwisted fields G,B, and H of the symmetric sigma model. If we insert the
explicit untwisted forms of G,B and H given in Eqs. (4.7c,d) for the special case of WZW,
the general results in Eq. (5.18) reduce to the explicit formulas (4.29c,d) given above for
the WZW orientation orbifolds.
In the general case, the explicit formulae (5.18) can be further evaluated as
Xˆ
iI˙
σ (xˆ) = (xˆ
n(r)µ0
σ + (−1)I˙ xˆn(r)µ1σ )χ(σ)n(r)µU(σ)n(r)µi (5.19a)
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Gˆn(r)µu;n(s)νv(xˆ) = Gˆ
(u+v)
n(r)µ;n(s)ν(xˆ) (5.19b)
Gˆ
(w)
n(r)µ;n(s)ν(xˆ)
= χn(r)µχn(s)νUn(r)µ
iUn(s)ν
j
(
Gij(x
0→
σ
Xˆ
0
σ(xˆ)) + (−1)wGij(x1→
σ
Xˆ
1
σ(xˆ))
)
(5.19c)
Bˆn(r)µu;n(s)νv(xˆ) = Bˆ
(u+v)
n(r)µ;n(s)ν(xˆ) (5.19d)
Bˆ
(w)
n(r)µ;n(s)ν(xˆ)
= χn(r)µχn(s)νUn(r)µ
iUn(s)ν
j
(
Bij(x
0→
σ
Xˆ
0
σ(xˆ)) + (−1)wBij(x1→
σ
Xˆ
1
σ(xˆ))
)
(5.19e)
Hˆn(r)µu;n(s)νv;n(t)δw(xˆ) = Hˆ
(u+v+w)
n(r)µ;n(s)ν(xˆ) (5.19f)
Hˆ
(w)
n(r)µ;n(s)ν;n(t)δ(xˆ) = χn(r)µχn(s)νχn(t)δUn(r)µ
iUn(s)ν
jUn(t)δ
k
×
(
Hijk(x
0→
σ
Xˆ
0
σ(xˆ)) + (−1)wHijk(x1→
σ
Xˆ
1
σ(xˆ))
)
(5.19g)
where we have suppressed some σ-dependence. These results are easily obtained from the
forms in Eq. (5.18) by doing the sums on the internal two-dimensional indices.
5.3 The Sigma-Model Orientation-Orbifold Action
The principle of local isomorphisms also gives us the sigma-model orientation-orbifold ac-
tion
S −→
σ
Sˆσ (5.20a)
Sˆσ =
∫
dt
∫ π
0
dξ Lˆσ (5.20b)
Lˆσ = 1
8π
(
Gˆn(r)µu;n(s)νv(xˆ) + Bˆn(r)µu;n(s)νv(xˆ)
)
∂+xˆ
n(r)µu
σ ∂−xˆ
n(s)νv
σ
=
1
8π
1∑
w=0
(
Gˆ
(w)
n(r)µ;n(s)ν(xˆ) + Bˆ
(w)
n(r)µ;n(s)ν(xˆ)
) 1∑
u=0
∂+xˆ
n(r)µu
σ ∂−xˆ
n(s)ν,w−u
σ (5.20c)
Lˆσ(−ξ) = Lˆσ(ξ) (5.20d)
by the standard derived isomorphism from the eigenfield form of S. This action, which
describes all open-string sectors
hˆσ = τ1×hσ ∈ H−, H− ⊂ Aut(Iso M) (5.21)
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of the sigma-model orientation orbifold AM(H−)/H−, is another central result of this paper.
For this action, the following variational boundary conditions which describe the sigma-
model orientation-orbifold branes
δxˆn(r)µu(ξ)
(
Gˆn(r)µu;n(s)νv(xˆ(ξ))∂ξ − Bˆn(r)µu;n(s)νv(xˆ(ξ))∂t
)
xˆn(s)νv(ξ)
=
1∑
u,v=0
δxˆn(r)µu(ξ)
(
Gˆ
(u+v)
n(r)µ;n(s)ν(xˆ(ξ))∂ξ−Bˆ(u+v)n(r)µ;n(s)ν(xˆ(ξ))∂t
)
xˆn(s)νv(ξ)
= 0 at ξ = 0, π (5.22)
are obtained in the standard manner by requiring that the bulk and boundary terms cancel
separately in a general variation of the fields. The more explicit form of these boundary
conditions
[δxˆn(r)µ0(ξ)
(
Gˆ
(0)
n(r)µ;n(s)ν(xˆ(ξ))∂ξ − Bˆ(0)n(r)µ;n(s)ν(xˆ(ξ))∂t
)
xˆn(s)ν0(ξ) +
δxˆn(r)µ0(ξ)
(
Gˆ
(1)
n(r)µ;n(s)ν(xˆ(ξ))∂ξ − Bˆ(1)n(r)µ;n(s)ν(xˆ(ξ))∂t
)
xˆn(s)ν1(ξ) +
δxˆn(r)µ1(ξ)
(
Gˆ
(1)
n(r)µ;n(s)ν(xˆ(ξ))∂ξ − Bˆ(1)n(r)µ;n(s)ν(xˆ(ξ))∂t
)
xˆn(s)ν0(ξ) +
δxˆn(r)µ1(ξ)
(
Gˆ
(0)
n(r)µ;n(s)ν(xˆ(ξ))∂ξ − Bˆ(0)n(r)µ;n(s)ν(xˆ(ξ))∂t
)
xˆn(s)ν1(ξ)] = 0 at ξ = 0, π (5.23)
will be useful in the following subsection.
The classical bulk equations of motion for the action (5.20) are given in Sec. 6, where
we develop the necessary twisted Christoffel symbols.
We finally mention the untwisted two-component interval ds2 and the orientation orb-
ifold interval dsˆ2
ds2(ξ) = GiI˙;jJ˙(x(ξ))dx
iI˙(ξ)dxjJ˙(ξ)
= Gij(x(ξ))dx
i(ξ)dxj(ξ) + (ξ → −ξ) (5.24a)
dsˆ2(ξ) = Gˆn(r)µu;n(s)νv(xˆ(ξ))dxˆ
n(r)µu(ξ)dxˆn(s)νv(ξ)
=
1∑
w=0
Gˆ
(w)
n(r)µ;n(s)ν(xˆ(ξ))
1∑
u=0
dxˆn(r)µu(ξ)dxˆn(s)ν,w−u(ξ) (5.24b)
where the space-time parity (5.4) was used to obtain (5.24a). Both of these intervals are
even under world-sheet parity ξ ↔ −ξ.
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5.4 Monodromies and Extra Boundary Conditions
In this subsection, we consider further structure of the sigma-model orientation-orbifold
branes, concentrating primarily but not exclusively on the case h2σ = 1.
For this discussion, we will need the h2σ = 1 monodromies
h2σ = 1: automorphic responses −→
σ
monodromies (5.25a)
xˆn(r)µuσ (ξ + 2π) = xˆ
n(r)µu
σ (ξ)e
2πi(
n(r)
ρ(σ)
+u
2
), u¯ = 0, 1 (5.25b)
Gˆ
(w)
n(r)µ;n(s)ν(xˆ(ξ + 2π)) = e
−2πi(n(r)+n(s)
ρ(σ)
+w
2
)Gˆ
(w)
n(r)µ;n(s)ν(xˆ(ξ)) (5.25c)
Bˆ
(w)
n(r)µ;n(s)ν(xˆ(ξ + 2π)) = e
−2πi(n(r)+n(s)
ρ(σ)
+w
2
)Bˆ
(w)
n(r)µ;n(s)ν(xˆ(ξ)) (5.25d)
Hˆ
(w)
n(r)µ;n(s)ν;n(t)δ(xˆ(ξ + 2π)) = e
−2πi(n(r)+n(s)+n(t)
ρ(σ)
+w
2
)Hˆ
(w)
n(r)µ;n(s)ν;n(t)δ(xˆ(ξ)) (5.25e)
Lˆσ(ξ + 2π) = Lˆσ(ξ) (5.25f)
which follow in this case by local isomorphisms from the automorphic responses of the
eigenfields. These monodromies have the same forms as those found for WZW in Eqs. (4.35)
and (4.28). We note in particular that the coordinates Xˆ with twisted boundary conditions
in Eq. (5.17) have mixed monodromy
Xˆ
iI˙
σ (xˆ(ξ + 2π)) = Xˆ
jJ˙
σ (xˆ(ξ))ω
†(hσ)j
i(τ1)J˙
I˙ (5.26)
and our coordinates xˆ with definite monodromy in Eq. (5.25) are the monodromy decom-
position of Xˆ.
Using the world-sheet parities (5.16) and the monodromies (5.25), one finds the brane
substructure
xˆn(r)µ0σ (0) = 0, xˆ
n(r)µu
σ (π) = 0 unless
n(r)
ρ(σ) ∈ Z+ 12 (5.27a)
(∂txˆ
n(r)µ0
σ )(0) = 0, (∂txˆ
n(r)µu
σ )(π) = 0 unless
n(r)
ρ(σ) ∈ Z+ 12 (5.27b)
(∂ξxˆ
n(r)µ1
σ )(0) = 0, (∂ξxˆ
n(r)µu
σ )(π) = 0 unless
n(r)
ρ(σ) ∈ Z (5.27c)
Gˆ
(1)
n(r)µ;n(s)ν(xˆ(0)) = 0, Gˆ
(w)
n(r)µ;n(s)ν(xˆ(π)) = 0 unless
n(r)+n(s)
ρ(σ) ∈ Z (5.27d)
(∂tGˆ
(1)
n(r)µ;n(s)ν)(xˆ(0)) = 0, (∂tGˆ
(w)
n(r)µ;n(s)ν)(xˆ(π)) = 0 unless
n(r)+n(s)
ρ(σ) ∈ Z (5.27e)
(∂ξGˆ
(0)
n(r)µ;n(s)ν)(xˆ(0)) = 0, (∂ξGˆ
(w)
n(r)µ;n(s)ν)(xˆ(π)) = 0 unless
n(r)+n(s)
ρ(σ) ∈ Z+ 12 (5.27f)
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Bˆ
(0)
n(r)µ;n(s)ν(xˆ(0)) = 0, Bˆ
(w)
n(r)µ;n(s)ν(xˆ(π)) = 0 unless
n(r)+n(s)
ρ(σ) ∈ Z+ 12 (5.27g)
(∂tBˆ
(0)
n(r)µ;n(s)ν)(xˆ(0)) = 0, (∂tBˆ
(w)
n(r)µ;n(s)ν)(xˆ(π)) = 0 unless
n(r)+n(s)
ρ(σ) ∈ Z+ 12 (5.27h)
(∂ξBˆ
(1)
n(r)µ;n(s)ν)(xˆ(0)) = 0, (∂ξBˆ
(w)
n(r)µ;n(s)ν)(xˆ(π)) = 0 unless
n(r)+n(s)
ρ(σ) ∈ Z (5.27i)
Hˆ
(1)
n(r)µ;n(s)ν;n(t)δ(xˆ(0))=0, Hˆ
(w)
n(r)µ;n(s)ν;n(t)δ(xˆ(π))=0 unless
n(r)+n(s)+n(t)
ρ(σ) ∈Z (5.27j)
(∂tHˆ
(1)
n(r)µ;n(s)ν;n(t)δ)(xˆ(0)) = 0 (5.27k)
(∂tHˆ
(w)
n(r)µ;n(s)ν;n(t)δ)(xˆ(π)) = 0 unless
n(r)+n(s)+n(t)
ρ(σ) ∈ Z (5.27l)
(∂ξHˆ
(0)
n(r)µ;n(s)ν;n(t)δ)(xˆ(0)) = 0 (5.27m)
(∂ξHˆ
(w)
n(r)µ;n(s)ν;n(t)δ)(xˆ(π)) = 0 unless
n(r)+n(s)+n(t)
ρ(σ) ∈ Z+ 12 (5.27n)
which has the same form as that found in Subsec. 4.6 for the special case of the WZW
orientation orbifolds. Note in particular that the coordinates of the basic sector with
hσ = 1 are Dirichlet-Dirichlet and Neumann-Dirichlet for xˆ
0µ0
σ and xˆ
0µ1
σ respectively, while
the generic sector with h2σ = 1, hσ 6= 1 contains all four coordinate types, D-D, N-D, D-N
and N-N‡7.
We turn next to explicitly verify the variational boundary conditions (5.22),(5.23) given
in the previous subsection, using the xˆ, Gˆ and Bˆ boundary conditions above. In particu-
lar, the boundary conditions (5.27a-c) on xˆ allow us to reduce the variational boundary
condition (5.23) at ξ = 0 to the form
1∑
u,v=0
δxˆn(r)µu(ξ)
(
Gˆ
(u+v)
n(r)µ;n(s)ν(xˆ(ξ))∂ξ−Bˆ(u+v)n(r)µ;n(s)ν(xˆ(ξ))∂t
)
xˆn(s)νv(ξ) = (5.28)
δxˆn(r)µ1(ξ)
(
Gˆ
(1)
n(r)µ;n(s)ν(xˆ(ξ))∂ξxˆ
n(s)ν0(ξ)−Bˆ(0)n(r)µ;n(s)ν(xˆ(ξ))∂txˆn(s)ν1(ξ)
)
at ξ = 0 .
and this quantity vanishes by the boundary conditions of Gˆ and Bˆ given in Eqs. (5.27d)
and (5.27g).
To study ξ=π, we consider first the generic h2σ=1 sector with ρ(σ)=2 in Eq. (2.30b).
In this case, we instead expand the sum (5.22) in terms of the spectral indices n¯(r), n¯(s) ∈
‡7Half-integer moded scalar fields [8] and the corresponding twisted open strings with D-N or N-D
boundary conditions [34, 35] provided the first examples of twisted sectors of orbifolds.
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{0, 1}:
1∑
u,v=0
[δxˆ0µu(ξ)
(
Gˆ
(u+v)
0µ;0ν (xˆ(ξ))∂ξ − Bˆ(u+v)0µ;0ν (xˆ(ξ))∂t
)
xˆ0νv(ξ) +
δxˆ0µu(ξ)
(
Gˆ
(u+v)
0µ;1ν (xˆ(ξ))∂ξ − Bˆ(u+v)0µ;1ν (xˆ(ξ))∂t
)
xˆ1νv(ξ)+
δxˆ1µu(ξ)
(
Gˆ
(u+v)
1µ;0ν (xˆ(ξ))∂ξ − Bˆ(u+v)1µ;0ν (xˆ(ξ))∂t
)
xˆ0νv(ξ)+
δxˆ1µu(ξ)
(
Gˆ
(u+v)
1µ;1ν (xˆ(ξ))∂ξ − Bˆ(u+v)1µ;1ν (xˆ(ξ))∂t
)
xˆ1νv(ξ)] . (5.29)
With this expansion and the explicit form of the boundary conditions
xˆ0µu(π) = δxˆ0µu(π) = ∂txˆ
0µu(π) = 0 (5.30a)
∂ξxˆ
1µu(π) = Gˆ
(u+v)
1µ;0ν (xˆ(π)) = Bˆ
(u+v)
1µ;1ν (xˆ(π)) = 0 (5.30b)
it is straightforward to check that this quantity vanishes at ξ = π. For the basic open-string
sector (2.30a) with hσ=ρ(σ)=1, the same conclusion is reached
xˆ0µu(π) = δxˆ0µu(π) = ∂txˆ
0µu(π) = 0
⇒ δxˆ0µu(π)
(
Gˆ
(u+v)
0µ;0ν (xˆ(π))∂ξ − Bˆ(u+v)0µ;0ν (xˆ(π))∂t
)
xˆ0νv(π) = 0 (5.31)
because only the n¯(r) = 0 terms survive in this case.
We finally emphasize that, as usual, all the boundary conditions at ξ = 0 in this
subsection follow directly from world-sheet parity, and hence hold for all hˆσ.
5.5 Example: The Coset Orientation-Orbifold Action
We give here a brief sketch of our results for coset orientation orbifolds, following the
discussion of ordinary coset orbifolds in Refs. [4, 5, 23, 24].
To build the coset orientation orbifolds Ag/h(H−)/H− at the operator level, one begins
with a left- and right-mover copy of any g/h coset construction [6, 7, 33, 12]
Jh ⊂ Jg, Tg/h = Tg − Th (5.32a)
J¯h ⊂ J¯g, T¯g/h = T¯g − T¯h (5.32b)
cg/h = c¯g/h = cg − ch (5.32c)
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where Tg and Th are the affine-Sugawara constructions [6,7,36-38,12] of g ⊃ h. For our
construction, we will assume that G/H is a reductive coset space and that the coset con-
struction is hσ-invariant:
g
h
=
g
h
(hσ), hσ ∈ Aut(g), hσ ∈ Aut(h) . (5.33)
As studied in the orbifold program under the rubric of H-invariant coset constructions
[4, 5, 23, 24], hσ-invariance of the coset construction means that hσ is an automorphism
of g, and h ⊂ g transforms covariantly under hσ. Each such system is then automatically
invariant under the general orientation-reversing automorphism hˆσ = τ1×hσ, in agreement
with the results of App. B. Then the method of eigenfields and the principle of local
isomorphisms gives the twisted currents and stress tensors of sector hˆσ
Jˆ
hˆO(σ)
⊂ JˆgˆO(σ), TˆgˆO(σ)/hˆO(σ) = TˆgˆO(σ) − TˆhˆO(σ), cˆgˆO(σ)/hˆO(σ) = 2cg/h (5.34)
as well as the half-integrally moded Virasoro generators of Refs. [1, 25]. The individual
stress tensors TˆgˆO(σ) and TˆhˆO(σ) are the twisted affine-Sugawara constructions [25] associated
to the twisted current algebras gˆO(σ) ⊃ hˆO(σ) of the corresponding WZW orientation
orbifolds.
At the classical level, we begin with the general gauged WZW model [39-43,23]
Sg/h[M, g,A±; Γ] = SWZW [M, g; Γ] +
1
4π
∫
dt
∫ 2π
0
dξTr(M(g−1∂+g(iA−)
− iA+∂−gg−1 − g−1A+gA− + A+A−)) (5.35a)
A+ = −ih−1+ ∂+h+, A− = −ih−∂−h−1− (5.35b)
for the g/h coset construction, where M is the data matrix in Eq. (2.4). In agreement with
the operator argument above, this action is invariant under the general orientation-reversing
automorphism hˆσ = τ1×hσ
A±(ξ)
′ = W (hσ;T )A∓(−ξ)W †(hσ;T ) (5.36a)
h±(ξ)
′ =W (hσ;T )h
−1
∓ (−ξ)W †(hσ;T ) (5.36b)
Sg/h[M, g
′, A′±; Γ] = Sg/h[M, g,A±; Γ] (5.36c)
when the g/h coset construction is hσ-invariant. Here W is the action of hσ in rep T and
g′ is given in Eq. (2.8a).
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In this case, the appropriate two-component gauge fields are:
A˜±(ξ) ≡
(
A±(ξ) 0
0 A∓(−ξ)
)
, h˜±(ξ) ≡
(
h±(ξ) 0
0 h−1∓ (−ξ)
)
(5.37a)
A˜+(ξ) = −ih˜−1+ ∂+h˜+, A˜−(ξ) = −ih˜−∂−h˜−1− (5.37b)
A˜±(−ξ) = τ1A˜∓(ξ)τ1, h˜±(−ξ) = τ1h˜∓(ξ)τ1 (5.37c)
A˜±(ξ)
′ = τ1W (hσ;T )A˜±(ξ)W
†(hσ;T )τ1 (5.37d)
h˜±(ξ)
′ = τ1W (hσ;T )h˜±(ξ)W
†(hσ;T )τ1 . (5.37e)
A two-component gauge transformation matrix ψ˜(ξ) is also necessary
ψ˜(ξ) ≡
(
ψ(ξ) 0
0 ψ(−ξ)
)
, A˜± → A˜ψ˜± = ψ˜A˜±ψ˜−1 + i∂±ψ˜ψ−1 (5.38)
to put the standard gauge transformation of A± into two-component form. The two-
component form of the gauged action on Γ1/2 is then easily worked out
Sg/h[M⊗1l2, g˜, A˜±; Γ1
2
]≡SWZW [M⊗1l2, g˜; Γ1
2
]+
+
1
4π
∫
dt
∫ π
0
dξ T̂ r((M⊗1l2)(g˜−1∂+g˜(iA˜−)−iA˜+∂−g˜g˜−1 −g˜−1A˜+g˜A˜−+A˜+A˜−)) (5.39a)
= Sg/h[M, g,A±; Γ] (5.39b)
where the WZW action on Γ1/2 is given in Eq. (3.4).
The extra eigenfields A±, h± and Ψ associated with the gauging
O(T , ξ, σ) ≡ UU(T, σ)O˜(T, ξ)U †(T, σ)U † (5.40a)
O = G,A±, h±,Ψ, O˜ = g˜, A˜±, h˜±, ψ˜ (5.40b)
are constructed in analogy to the eigengroup elements in Eq. (2.16a). The usual structure
of these eigenfields is easily worked out, but we omit the details for brevity. Then the
principle of local isomorphisms
G −→
σ
gˆ, A± −→
σ
Aˆ±, h± −→
σ
hˆ±, Ψ −→
σ
ψˆ (5.41)
gives the following results in the open-string sectors of the general coset orientation orbifold.
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In the first place, we record the twisted Polyakov-Weigmann identity [23] on Γ1/2
SˆgˆO(σ)[M⊗ 1l2, gˆhˆ; Γ1
2
] = SˆgˆO(σ)[M⊗ 1l2, gˆ; Γ1
2
] + SˆgˆO(σ)[M⊗ 1l2, hˆ; Γ1
2
]
− 1
4π
∫
dt
∫ π
0
dξ T̂ r
(
(M⊗ 1l2)gˆ−1∂+gˆ∂−hˆhˆ−1
)
(5.42)
where the WZW orientation-orbifold action SˆgˆO(σ) on Γ1/2 is given in Eq. (3.9). We also
obtain the general coset orientation-orbifold action
SˆgˆO(σ)/hˆO(σ)[gˆ, Aˆ±; Γ1
2
] ≡ SˆgˆO(σ)[M⊗ 1l2, gˆ; Γ1
2
]
+
1
4π
∫
dt
∫ π
0
dξ T̂ r
(
(M⊗1l2)(gˆ−1∂+gˆ(iAˆ−)−iAˆ+∂−gˆgˆ−1−gˆ−1Aˆ+gˆAˆ−+Aˆ+Aˆ−)
)
(5.43a)
Aˆ+ ≡ −ihˆ−1+ ∂+hˆ+, Aˆ− ≡ −ihˆ−∂−hˆ−1− (5.43b)
gˆ ∈ ĜO(σ), hˆ± ∈ ĤO(σ) ⊂ ĜO(σ), Aˆ± ∈ hˆO(σ) ⊂ gˆO(σ) (5.43c)
[M⊗ 1l2, gˆ] = [M⊗ 1l2, hˆ±] = [M⊗ 1l2, Aˆ±] = 0 (5.43d)
which describes open-string sector hˆσ of the general coset orientation orbifoldAg/h(H−)/H−.
Here ĜO(σ) is the group formed by the set of all group orbifold elements gˆ (exponentiated
from gˆO(σ)), the quantities hˆ± are arbitrary subgroup orbifold elements in the subgroup
ĤO(σ) (exponentiated from hˆO(σ)) and Aˆ± are the orientation-orbifold matrix gauge fields.
The coset orientation-orbifold action (5.43) is a gauging of the WZW orientation-
orbifold action (3.9) by a general twisted vector gauge group
gˆ(T , ξ, t, σ)→ gˆ(T , ξ, t, σ)ψˆ ≡ ψˆ(T , ξ, t, σ)gˆ(T , ξ, t, σ)ψˆ−1(T , ξ, t, σ) (5.44a)
hˆ+(T , ξ, t, σ)→ hˆ+(T , ξ, t, σ)ψˆ ≡ hˆ+(T , ξ, t, σ)ψˆ−1(T , ξ, t, σ) (5.44b)
hˆ−(T , ξ, t, σ)→ hˆ−(T , ξ, t, σ)ψˆ ≡ ψˆ(T , ξ, t, σ)hˆ−(T , ξ, t, σ) (5.44c)
Aˆ±(T , ξ, t, σ)→ Aˆ±(T , ξ, t, σ)ψˆ ≡ ψˆ(T , ξ, t, σ)Aˆ±(T , ξ, t, σ)ψˆ−1(T , ξ, t, σ)
+ i∂±ψˆ(T , ξ, t, σ)ψˆ−1(T , ξ, t, σ) (5.44d)
[M⊗ 1l2, ψˆ(T , ξ, t, σ)] = 0 (5.44e)
SˆgˆO(σ)/hˆO(σ)[M⊗ 1l2, gˆψˆ, hˆ
ψˆ
±; Γ1
2
] = SˆgˆO(σ)/hˆO(σ)[M⊗ 1l2, gˆ, hˆ±; Γ1
2
] (5.44f)
where the twisted gauge transformation matrix ψˆ ∈ ĤO(σ) is any subgroup orbifold element.
As seen in Eq. (5.44f), the general coset orientation-orbifold action is invariant under the
general twisted vector gauge transformation.
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For the action of world-sheet parity on the twisted gauge fields and the twisted gauge
transformation matrix, we find
Aˆ±(T ,−ξ) = τ3Aˆ∓(T , ξ)τ3, hˆ±(T ,−ξ) = τ3hˆ−1∓ (T , ξ)τ3 (5.45a)
ψˆ(T ,−ξ) = τ3ψˆ(T , ξ)τ3 (5.45b)
and each of the new twisted fields commutes with τ1, as usual. These commutators tell
us that the new fields also have only two independent components in the two-dimensional
space, for example:
Aˆ±(T , ξ, t, σ) =
(
Aˆ
(0)
± (T , ξ, t, σ) Aˆ(1)± (T , ξ, t, σ)
Aˆ
(1)
± (T , ξ, t, σ) Aˆ(0)± (T , ξ, t, σ)
)
(5.46a)
Aˆ
(u)
± (T ,−ξ, t, σ) = (−1)uAˆ(u)∓ (T , ξ, t, σ) . (5.46b)
In the special case of the class h2σ = 1, all the fields defined here have the usual monodromy
h2σ = 1, E(T, σ)
2 = 1: Oˆ(T , ξ + 2π, σ) = τ3E(T, σ)Oˆ(T , ξ, σ)E∗(T, σ)τ3
Oˆ = gˆ, hˆ±, Aˆ± or ψˆ (5.47)
as given for gˆ in Eq. (2.25b). It follows in particular that each term of each integrand of
the coset orientation-orbifold action is 2π-periodic.
To explicitly construct the twisted sectors of particular coset orientation orbifolds, the
standard procedure [23] is to incorporate the embedding ĤO(σ) ⊂ ĜO(σ) at the tangent-
space level
gˆ = eixˆ
n(r)µuTn(r)µu −→ hˆ = eiβˆnˆ(r)µˆuTnˆ(r)µˆu (5.48a)
Jˆnˆ(r)µˆu(ξ, t, σ) ≡ Rr(σ)µˆµJˆnˆ(r)µu(ξ, t, σ), u = 0, 1, ∀nˆ(r), µˆ ∈ hˆO(σ) ⊂ gˆO(σ) (5.48b)
Tnˆ(r)µˆu(T, σ) ≡ Rr(σ)µˆµTnˆ(r)µu(T, σ) (5.48c)
{nˆ(r)} ⊂ {n(r)}, dim{µˆ} ≤ dim{µ} (5.48d)
where Rr(σ) at fixed nˆ(r) is the embedding matrix of both hˆO(σ) ⊂ gˆO(σ) and hˆO(σ) ⊂
gˆO(σ). We emphasize with Ref. [23] that the orbifold affine algebras and their corresponding
orbifold Lie algebras
[JˆgˆO(σ)(·), JˆgˆO(σ)(·)] = iFgˆO(σ)JˆgˆO(σ)(·) + GgˆO(σ) −→ [TgˆO(σ), TgˆO(σ)] = iFgˆO(σ)TgˆO(σ) (5.49a)
[JˆhˆO(σ)(·), JˆhˆO(σ)(·)] = iFhˆO(σ)JˆhˆO(σ)(·) + GhˆO(σ) −→ [ThˆO(σ), ThˆO(σ)] = iFhˆO(σ)ThˆO(σ) (5.49b)
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share the same twisted structure constants FgˆO(σ) and FhˆO(σ).
We turn next to the variational boundary conditions implied by the coset orientation-
orbifold action. Assuming provisionally that the previous boundary conditions from the
WZW orientation-orbifold action continue to hold, we find the following list of boundary
conditions
at ξ = 0, π :
K(ξ) = Rξ(ξ) = 0 (5.50a)
K1(ξ) ≡ T̂ r
(
(M⊗1l2)(gˆAˆ+ + Aˆ−gˆ−1)δgˆ
)
= 0 (5.50b)
B1(ξ) ≡ T̂ r
(
(M⊗1l2)ψˆ−1∂tψˆ(gˆ−1δgˆ + δgˆgˆ−1)
)
= 0 (5.50c)
B2(ξ) ≡ T̂ r
(
(M⊗1l2)ψˆ−1∂ξψˆ(gˆ−1δgˆ − δgˆgˆ−1)
)
= 0 (5.50d)
B3(ξ) ≡ T̂ r
(
(M⊗1l2)[gˆ−1, ψˆ−1∂ξψˆ](∂ρgˆgˆ−1δgˆ − δgˆgˆ−1∂ρgˆ)
)
= 0 (5.50e)
where we have neglected total time derivatives in the variation, as usual. The first two
boundary conditions in Eq. (5.50a) were obtained earlier in Eqs. (3.12b) and (3.13d). The
boundary condition on K1(ξ) in Eq. (5.50b) is obtained by varying the gauge terms in the
coset action (5.43), while the boundary conditions on Bi(ξ), i = 1, 2, 3 arise by requiring
that the first three boundary conditions are gauge-invariant.
Using the world-sheet parities in Eqs. (2.21d) and (5.45), it is straightforward to show
that all these quantities are odd under world-sheet parity
K(−ξ) = −K(ξ), Rξ(−ξ) = −Rξ(ξ), K1(−ξ) = −K1(ξ), Bi(−ξ) = −Bi(ξ) (5.51)
so that the variational boundary conditions in (5.50) at ξ = 0 are automatically satisfied.
Moreover, for the class h2σ = 1, all these quantities have trivial monodromy and therefore
all the boundary conditions (5.50) are likewise satisfied explicitly at ξ = π.
Similarly, we obtain the boundary conditions on the twisted gauge fields
Aˆ
(u)
− (T , 0) = (−1)uAˆ(u)+ (T , 0) (5.52a)
h2σ = 1, E(T, σ)
2 = 1: Aˆ
(u)
− (T , π) = E∗(T, σ)Aˆ(u)+ (T , π)E(T, σ) (5.52b)
from the world-sheet parity (5.46b) and the monodromy (5.47).
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Our final task is to integrate out the twisted matrix gauge fields
Aˆ+(T, ξ, t, σ) = Aˆ
nˆ(r)µˆu
+ (ξ, t, σ)Tnˆ(r)µˆu(T, σ) ∈ hˆO(σ) (5.53a)
Aˆ−(T, ξ, t, σ) = Aˆ
nˆ(r)µˆu
− (ξ, t, σ)Tnˆ(r)µˆu(T, σ)(−1)u (5.53b)
Aˆ
nˆ(r)µˆu
− (ξ, t, σ) = Aˆ
nˆ(r)µˆu
+ (−ξ, t, σ) (5.53c)
to find the equivalent orientation-orbifold sigma-model form of the coset orientation-orbifold
action. For this computation, we will need the definitions
Gn(r)µu;nˆ(s)νˆv(σ)≡ T̂ r
(
(M⊗ 1l2)Tn(r)µu(T, σ)Tnˆ(s)νˆv(T, σ)
)
=Rs(σ)νˆ
νGn(r)µu;nˆ(s)νv(σ)=Rs(σ)νˆ νGnˆ(s)νv;n(r)µu(σ)≡Gnˆ(s)νˆv;n(r)µu(σ) (5.54a)
Gnˆ(r)µˆu;nˆ(s)νˆv(σ) ≡ T̂ r
(
(M⊗ 1l2)Tnˆ(r)µˆu(T, σ)Tnˆ(s)νˆv(T, σ)
)
= Rr(σ)µˆ
µRs(σ)νˆ
νGnˆ(r)µu;nˆ(s)νv(σ) = Gnˆ(s)νˆv;nˆ(r)µˆu(σ) (5.54b)
Gnˆ(r)µˆu;n(s)νv(σ) = δu+v,0mod 2δnˆ(r)+n(s),0mod ρ(σ)Gnˆ(r)µˆu;−nˆ(r),ν,−u(σ) (5.54c)
Gnˆ(r)µˆu;nˆ(s)νˆv(σ) = δu+v,0mod 2δnˆ(r)+nˆ(s),0mod ρ(σ)Gnˆ(r)µˆu;−nˆ(r),νˆ,−u(σ) (5.54d)
Ωˆ(xˆ)nˆ(r)µˆu
n(s)νv≡Rr(σ)µˆµΩˆ(xˆ)nˆ(r)µun(s)νv (5.54e)
Ωˆ(xˆ)nˆ(r)µˆu;nˆ(s)νˆv≡ Ωˆ(xˆ)nˆ(r)µˆun(t)δwGn(t)δw;nˆ(s)νˆv(σ) (5.54f)
where M is the twisted data matrix in (2.14f), GhˆO(σ) ≃ {Gnˆ(r)µˆu;nˆ(s)νˆv(σ)} is the induced
tangent-space metric on the twisted affine subalgebra hˆO(σ), and Ωˆ is the twisted adjoint
action in Eq. (4.29). The induced metric G
hˆO(σ)
is invertible in the hˆO(σ) subspace
Gnˆ(r)µˆu;nˆ(t)δˆw(σ)Gnˆ(t)δˆw;nˆ(s)νˆv(σ) = δµˆνˆδu−v,0mod 2δnˆ(r)−nˆ(s),0mod ρ(σ) (5.55)
because the original hσ-symmetric coset construction
g
h
(hσ) was a reductive coset space.
Following the conventional procedure, we may then integrate out the twisted matrix
gauge fields by solving their equations of motion:
T̂ r
{
(M⊗1l2)
(
−i∂−gˆgˆ−1 − gˆAˆ−gˆ−1 + Aˆ−
)
Tnˆ(r)µˆu
}
= 0 (5.56a)
T̂ r
{
(M⊗1l2)
(
igˆ−1∂+gˆ−gˆ−1Aˆ+gˆ+Aˆ+
)
Tnˆ(r)µˆu
}
=0, u = 0, 1, ∀nˆ(r), µˆ∈ hˆO(σ) . (5.56b)
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After some algebra, we find that open-string sector hˆσ of the general coset orientation
orbifold Ag/h(H−)/H− is described by the sigma model orientation-orbifold action (5.20)
with the special values of the twisted Einstein metric Gˆtot and twisted B field Bˆtot:
(Gˆ(xˆ)+Bˆ(xˆ))totn(r)µu;n(s)νv = (Gˆ(xˆ)+Bˆ(xˆ))n(r)µu;n(s)νv
− 2Zˆ(xˆ)n(r)µu;nˆ(r′)µˆ′u′ ˆ¯Z(xˆ)n(s)νv;nˆ(s′)νˆ′v′Xˆ−1(xˆ)nˆ(s′)νˆ′v′;nˆ(r′)µˆ′u′ (5.57a)
Zˆ(xˆ)n(r)µu;n(s)νv≡ eˆ(xˆ)n(r)µun(t)δwGn(t)δw;n(s)νv(σ) (5.57b)
ˆ¯Z(xˆ)n(r)µu;n(s)νv≡ ˆ¯e(xˆ)n(r)µun(t)δwGn(t)δw;n(s)νv(σ) (5.57c)
Xˆnˆ(r)µˆu;nˆ(s)νˆv(xˆ)≡(G(σ)−Ωˆ(xˆ))nˆ(r)µˆu;nˆ(s)νˆv . (5.57d)
Here the quantities Gˆ, Bˆ, eˆ and Ωˆ are the WZW orientation-orbifold fields defined in Sub-
sec. 5.3, and the quantity ˆ¯e is given by:
−igˆ(T , xˆ)∂ˆn(r)µugˆ−1(T , xˆ) = ˆ¯e(xˆ)n(r)µun(s)νvTn(s)νv (5.58a)
ˆ¯e(xˆ(ξ))n(r)µu
n(s)νv≡−(eˆ(xˆ(ξ))Ωˆ(xˆ(ξ)))
n(r)µu
n(s)νv=(−1)u+v+1eˆ(xˆ(−ξ))n(r)µun(s)νv . (5.58b)
The matrix Xˆ(xˆ) in Eq. (5.57d) is invertible in the hˆO(σ) subspace because the induced
metric G
hˆO(σ)
≃ {Gnˆ(r)µˆu;nˆ(s)νˆv(σ)} is invertible. The same result (5.57) for the sigma-
model form of the coset orientation-orbifold action can be obtained by eigenfields and local
isomorphisms from the sigma-model form of the coset action (see App. B).
The coset orientation-orbifold sigma models should be considered in fixed gauges such
as:
0 = T̂ r
(
(M⊗ 1l2)xˆn(s)νvσ (ξ, t)Tn(s)νvTnˆ(r)µˆu
)
= xˆn(s)νvσ Gn(s)νv;nˆ(r)µˆu(σ) = 2xˆ−nˆ(r),νˆ,−uσ G−nˆ(r),νˆ;nˆ(r)µˆ(σ) . (5.59)
The contribution of the orientation-orbifold dilaton to the coset orientation orbifolds is
included in the discussion of Sec.6.
5.6 Example: Twisted Open-String Free Bosons
As another example in the sigma model, we consider the simple case of free bosons with a
linear symmetry ω(hσ)
Gij(x) = const., Gij = ω(hσ)i
kω(hσ)j
lGkl, Bij(x) = 0 (5.60a)
S = 18π
∫
dt
∫ 2π
0
dξ Gij∂+x
i∂−x
j (5.60b)
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which may be considered as the abelian limit of the WZW models.
In open-string orientation-orbifold sector hˆσ = τ1×hσ, the results of the preceding
subsections reduce to
Gˆn(r)µu;n(s)νv(xˆ) = const. (5.61a)
= δn(r)+n(s),0mod ρ(σ)δu+v,0mod 2Gˆ
(0)
n(r)µ;−n(r),ν (5.61b)
Gˆ
(0)
n(r)µ;n(s)ν = 2Gn(r)µ;n(s)ν(σ) (5.61c)
Bˆn(r)µu;n(s)νv(xˆ) = 0, xˆ
n(r)µu
σ (−ξ) = (−1)u+1xˆn(r)µuσ (ξ) (5.61d)
Sˆσ =
1
8π
∫
dt
∫ π
0
dξ Gˆ
(0)
n(r)µ;−n(r),ν
1∑
u=0
∂+xˆ
n(r)µu∂−xˆ
−n(r),ν,−u (5.61e)
⇒ ∂+∂−xˆn(r)µu = 0 (5.61f)
where xˆ are the twisted open-string free bosons and G is the ordinary twisted tangent space
metric in Eq. (2.19c) The variational boundary condition (5.22) takes the form
Gˆ
(0)
n(r)µ;−n(r),ν
1∑
u=0
∂ξxˆ
n(r)µuδxˆ−n(r),ν,−u = 0 at ξ = 0, π (5.62)
which also follows of course by variation of the action (5.61e). One way to consider these
boundary conditions is to take δxˆ infinitesimal and divide by a corresponding time incre-
ment δt:
Gˆ
(0)
n(r)µ;−n(r),ν
1∑
u=0
∂ξxˆ
n(r)µu∂txˆ
−n(r),ν,−u = 0 at ξ = 0, π . (5.63)
Similarly, δxˆ can be replaced by ∂txˆ in the general boundary condition (5.22).
In our previous paper [25], we gave the correct coordinate boundary conditions or branes
for these twisted bosons
∂txˆ
n(r)µ0 = ∂ξxˆ
n(r)µ1 = 0 at ξ = 0 (5.64a)
∂txˆ
n(r)µu = i tan(n(r)ρ(σ)π)∂ξxˆ
n(r)µu at ξ = π (5.64b)
as well as the corresponding field expansions and quasi-canonical algebra. The boundary
conditions (5.64) were derived from the equations of motion
∂+xˆ
n(r)µu=2Gn(r)µu;n(s)νv(σ)Jˆn(s)νv(ξ, t), ∂−xˆn(r)µu=2Gn(r)µu;n(s)νv(σ)Jˆn(s)νv(−ξ, t) (5.65)
59
using the monodromies of the currents – which are known from the operator theory. This
situation is analogous to that which was encountered for WZW orientation orbifolds in
Eq. (3.21).
At ξ = 0, these coordinate boundary conditions are the same as those which followed
from world-sheet parity above, and they correspondingly satisfy the variational boundary
condition (5.63) at ξ = 0.
The coordinate boundary condition (5.64b) also solves the variational boundary condi-
tion (5.63) at ξ = π. To see this, one needs only the identity
Gˆ
(0)
n(r)µ;−n(r),ν tan(
n(r)
ρ(σ)π)
1∑
u=0
∂ξxˆ
n(r)µu∂ξxˆ
−n(r),ν,−u = 0 (5.66)
which follows because the tangent is odd under the relabelling n(r)µu ↔ −n(r), ν,−u of
the dummy indices.
Although mixed boundary conditions such as Eq. (5.64b) are conventionally associated
to non-zero B field backgrounds, we emphasize that there is no twisted Bˆ field in the
background of these twisted open-string free bosons.
6 The Orientation-Orbifold Einstein Equations
In analogy to the Einstein equations [44-49,13] of the untwisted sigma model AM and the
twisted Einstein equations [24] of the ordinary sigma-model orbifold AM(H+)/H+, we will
now construct the twisted Einstein equations of open-string sector hˆσ of the sigma-model
orientation orbifold AM(H−)/H−.
6.1 The Two-Component Form of the Ordinary Einstein Equations
We begin this construction‡8 with the ordinary Einstein equations [44-49,13]
Rij(x) +
1
4Hki
l(x)Hklj(x)− 2∇iφj(x) = 0 (6.1a)
(∇k − 2φk(x))Hkij(x) = 0 (6.1b)
which describe one-loop conformal sigma models in the presence of a general dilaton vector
φi (see e. g. Ref. [13]). The special case of the ordinary dilaton solution is
φi = ∇iφ = ∂iφ (6.2)
‡8The Riemann and Ricci tensor conventions of Ref. [13] are followed here.
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where φ is the dilaton.
We first ask which of these Einstein systems is invariant under the basic orientation
reversal
xi(ξ)′ = −xi(−ξ), O(x)′ = O(x′) (6.3)
where O includes any tensor. To compare the original Einstein system (6.1) with the image
of the system under orientation reversal, we need the basic space-time parities
Gij(−x) = Gij(x), Bij(−x) = −Bij(x), Hijk(−x) = Hijk(x) (6.4)
(which we already know from the invariance of the sigma-model action) as well as the
derived space-time parities
Gij(−x) = Gij(x), Hijk(−x) = Hijk(x) (6.5a)
Γij
k(−x) = −Γijk(x), ∇i(−x) = −∇i(x) (6.5b)
Rijkl(−x) = Rijkl(x), Rij(−x) = Rij(x) (6.5c)
which follow from the standard formulae of Riemannian geometry. Then we find that the
necessary and sufficient condition for invariance of the Einstein system is the following
space-time parity of the dilaton vector:
φi(−x) = −φi(x) −→ φ(−x) = φ(x) . (6.6)
We recall that the space-time parities (6.4) were verified in Subsec. 4.1 for WZWmodels and
principal chiral models. Appendix B also shows that the space-time parities in Eqs. (6.4),
(6.5) hold for all (reductive) coset CFTs.
As discussed for the sigma-model action in Subsec. 5.1, the space-time parities above
allow us to rewrite the Einstein system in the two-component notation:
RiI˙;jJ˙(x) +
1
4HkK˙;iI˙
lL˙(x)HkK˙ lL˙;jJ˙(x)− 2∇iI˙φjJ˙(x) = 0 (6.7a)
(∇kK˙ − 2φkK˙(x))HkK˙iI˙;jJ˙(x) = 0 (6.7b)
xiI˙(ξ) = (−1)I˙xi((−1)I˙ξ), ∂iI˙ =
∂
∂xiI˙
, I˙ = 0, 1 (6.7c)
GiI˙;jJ˙(x) = δI˙ J˙Gij(x
I˙), BiI˙;jJ˙(x) = δI˙ J˙Bij(x
I˙) (6.7d)
HiI˙;jJ˙;kK˙(x) = ∂iI˙BjJ˙;kK˙(x) + cyclic = δI˙ J˙δJ˙K˙Hijk(x
I˙) (6.7e)
φiI˙(x) ≡ φi(xI˙) →
∂
∂xiI˙
φ(xI˙) . (6.7f)
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In the two-component notation, we assume all the standard formulae of Riemannian geom-
etry with i→ iI˙ for every index – for example:
GiI˙;jJ˙(x) = δI˙ J˙Gij(xI˙) (6.8a)
ΓiI˙;jJ˙
kK˙(x) ≡ 12
(
∂iI˙GjJ˙ ;lL˙(x) + ∂jJ˙GiI˙;lL˙(x)− ∂lL˙GiI˙;jJ˙(x)
)
GlL˙;kK˙(x)
= δI˙ J˙δJ˙
K˙Γij
k(xI˙) (6.8b)
∇iI˙φjJ˙(x) ≡ ∂iI˙φjJ˙(x)− ΓiI˙;jJ˙kK˙(x)φkK˙(x) = δI˙ J˙
(
∂iI˙φj(x
I˙)− Γijk(xI˙)φk(xI˙)
)
(6.8c)
RiI˙;jJ˙;kK˙;lL˙(x) = δI˙ J˙δJ˙K˙δK˙L˙Rijkl(x
I˙), RiI˙;jJ˙(x) = δI˙ J˙Rij(x
I˙) . (6.8d)
More generally, the two-component analogue of any Einstein field O has the form
Oi1...im
j1...jn → O j1J˙1;...;jnJ˙n
i1I˙1;...;imI˙m
(x) (6.9a)
O j1J˙1;...;jnJ˙n
i1I˙1;...;imI˙m
(x) = δI˙1I˙2 . . . δI˙m−1I˙mδ
J˙1
I˙m
δJ˙1J˙2 . . . δJ˙n−1J˙nO j1...jni1...im (x
I˙1) (6.9b)
∂iI˙O
j1J˙1;...;jnJ˙n
i1I˙1;...;imI˙m
(x) = δI˙ I˙1δI˙1I˙2 . . . δI˙m−1I˙mδ
J˙1
I˙m
δJ˙1J˙2 . . . δJ˙n−1J˙n∂iI˙O
j1...jn
i1...im
(xI˙) (6.9c)
where the Kronecker deltas in these results set all I˙ , J˙ indices equal.
In this formulation, the action of the basic orientation-reversing automorphism involves
one τ1 for each I˙ index. This includes the transformations in Eq. (5.8) and for example:
xiI˙(ξ)′ = −xiJ˙ (ξ)(τ1)J˙ I˙ , A(x)′ = A(x′) (6.10a)
ΓiI˙;jJ˙
kK˙(x)′ = ΓiI˙;jJ˙
kK˙(x′) = (τ1)I˙
L˙(τ1)J˙
M˙ΓiL˙;jM˙
kN˙(x)(τ1)N˙
K˙ (6.10b)
RiI˙;jJ˙(x)
′ = RiI˙;jJ˙(x
′) = (τ1)I˙
K˙(τ1)J˙
L˙RiK˙;jL˙(x) . (6.10c)
The invariance of the two-component Einstein system in (6.7) under the basic orientation-
reversing automorphism is now immediately transparent.
The space-time parities of the two-component fields
GiI˙;jJ˙(−x) = GiI˙;jJ˙(x), BiI˙;jJ˙(−x) = −BiI˙;jJ˙(x) (6.11a)
HiI˙;jJ˙;kK˙(−x) = HiI˙;jJ˙;kK˙(x) (6.11b)
ΓiI˙;jJ˙
kK˙(−x) = −ΓiI˙;jJ˙ kK˙(x), ∇iI˙(−x) = −∇iI˙(x) (6.11c)
RiI˙;jJ˙(−x) = RiI˙;jJ˙(x), φiI˙(−x) = −φiI˙(x) (6.11d)
follow from Eqs. (6.4)-(6.5), and in fact form a symmetry of the two-component Einstein
system (6.7). We emphasize however that the space-time parity is not a symmetry of the
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sigma-model action (5.1a), just as electromagnetic duality is not a symmetry of the Maxwell
action.
The world-sheet parities of the two-component fields include those in Eq. (5.7) and
GiI˙;jJ˙(x(−ξ)) = GiK˙;jL˙(x(ξ))(τ1)K˙ I˙(τ1)L˙J˙ (6.12a)
HiI˙;jJ˙
kK˙(x(−ξ)) = (τ1)I˙ L˙(τ1)J˙ M˙HiL˙;jM˙ kN˙(x(ξ))(τ1)N˙ K˙ (6.12b)
ΓiI˙;jJ˙
kK˙(x(−ξ)) = −(τ1)I˙ L˙(τ1)J˙ M˙ΓiL˙;jM˙ kN˙(x(ξ))(τ1)N˙ K˙ (6.12c)
∇iI˙(−ξ) = −(τ1)I˙ J˙∇iJ˙(ξ), RiI˙;jJ˙(x(−ξ)) = (τ1)I˙ K˙(τ1)J˙ L˙RiK˙;jL˙(x(ξ)) (6.12d)
RiI˙;jJ˙;kK˙;lL˙(x(−ξ)) = (τ1)I˙ M˙(τ1)J˙ N˙ (τ1)K˙ P˙ (τ1)L˙Q˙RiM˙ ;jN˙ ;kP˙ ;lQ˙(x(ξ)) (6.12e)
φiI˙(x(−ξ)) = −(τ1)I˙ J˙φiJ˙(x(ξ)) −→ φ(xI˙(−ξ)) = φ(xJ˙(ξ)(τ1)J˙ I˙) (6.12f)
which follow from the definitions of the two-component objects. The general rule for the
world-sheet parities is one τ1 for each I˙ index and an extra minus sign when the space-time
parity is odd.
We turn next to the action of the general orientation-reversing automorphism hˆσ on the
two-component fields. For x,G,B and H , this action is given in Eq. (5.9), and the actions
on the other fields
xiI˙(ξ)′ = xjJ˙(ξ)ω†(hσ)j
i(τ1)J˙
I˙ , A(x)′ = A(x′) (6.13a)
ΓiI˙;jJ˙
kK˙(x)′=ΓiI˙;jJ˙
kK˙(x′)=ω(hσ)i
lω(hσ)j
m(τ1)I˙
L˙(τ1)J˙
M˙ΓlL˙;mM˙
nN˙(x)ω†(hσ)n
k(τ1)N˙
K˙ (6.13b)
RiI˙;jJ˙;kK˙;lL˙(x)
′ = RiI˙;jJ˙;kK˙;lL˙(x
′)
= ω(hσ)i
mω(hσ)j
nω(hσ)k
pω(hσ)l
q(τ1)I˙
M˙(τ1)J˙
N˙(τ1)K˙
P˙ (τ1)L˙
Q˙RmM˙ ;nN˙ ;pP˙ ;qQ˙(x) (6.13c)
RiI˙;jJ˙(x)
′ = RiI˙;jJ˙(x
′) = ω(hσ)i
kω(hσ)j
l(τ1)I˙
K˙(τ1)J˙
L˙RkK˙;lL˙(x) (6.13d)
follow by the standard formulae of Riemannian geometry. With the corresponding trans-
formation of the dilaton vector
φiI˙(x)
′ = φiI˙(x
′) = ω(hσ)i
j(τ1)I˙
J˙φjJ˙(x) (6.14)
we find that the two-component Einstein system (6.7) is covariant under this automorphism.
The general rule for the transformation of the Einstein fields is a factor ωτ1 for each down
index and a factor ω†τ1 for each up index.
As above, the space-time parities (6.11) can be used to see that the linear symmetry
conditions (5.10) for G,B and H , as well as the corresponding linear symmetry conditions
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for the other fields
Gij(xw†) = Gkl(x)(ω†)k
i(ω†)l
j (6.15a)
Γij
k(xω†) = ωi
lωj
mΓlm
n(x)(ω†)n
k (6.15b)
Rijkl(xω
†) = ωi
mωj
nωk
pωl
qRmnpq(x), Rij(xω
†) = ωi
kωj
lRkl(x) (6.15c)
φi(xω
†) = ωi
jφj(x) −→ φ(xω†) = φ(x) (6.15d)
are incorporated in the transformations (6.13)and (6.14). The general rule for the linear
symmetry conditions involves one ω for each down index and one ω† for each up index.
6.2 Riemannian Eigenfields
Using the eigenvector matrix of the Einstein-space H-eigenvalue problem (5.13), we next
define the corresponding Riemannian eigenfields
X
n(r)µu
σ (ξ)≡xiI˙(ξ)χ(σ)−1n(r)µU †(σ)in(r)µ( 1√2U † I˙ u), u¯ = 0, 1 (6.16a)
Gn(r)µu;n(s)νv(X)≡χ(σ)n(r)µχ(σ)n(s)νU(σ)n(r)µiU(σ)n(s)νj(
√
2Uu
I˙)(
√
2Uv
J˙)GiI˙;jJ˙(x(X)) (6.16b)
Bn(r)µu;n(s)νv(X)≡χ(σ)n(r)µχ(σ)n(s)νU(σ)n(r)µiU(σ)n(s)νj(
√
2Uu
I˙)(
√
2Uv
J˙)BiI˙;jJ˙(x(X)) (6.16c)
Hn(r)µu;n(s)νv;n(t)δw(X) ≡ χ(σ)n(r)µχ(σ)n(s)νχ(σ)n(t)δU(σ)n(r)µiU(σ)n(s)νjU(σ)n(t)δk
× (
√
2Uu
I˙)(
√
2Uv
J˙)(
√
2Uw
K˙)HiI˙;jJ˙;kK˙(x(X)) (6.16d)
γn(r)µu;n(s)νv
n(t)δw(X) ≡ χn(r)µχn(s)νUn(r)µiUn(s)νj(
√
2Uu
I˙)(
√
2Uv
J˙)×
× ΓiI˙;jJ˙ kK˙(x(X))χ−1n(t)δ(U †)kn(t)δ( 1√2U †K˙w) (6.16e)
Rn(r)µu;n(s)νv(X) ≡ χn(r)µχn(s)νUn(r)µiUn(s)νj(
√
2Uu
I˙)(
√
2Uv
J˙)RiI˙;jJ˙(x(X)) (6.16f)
Φn(r)µu(X) ≡ χn(r)µUn(r)µi(
√
2Uu
I˙)φiI˙(x(X)), u¯, v¯, w¯ ∈ {0, 1} (6.16g)
where the χ’s are arbitrary normalization constants. The general rule for the eigenfields
is a factor χU(σ)
√
2U for each down index and a factor χ−1U †(σ) 1√
2
U † for each up index.
This prescription diagonalizes the automorphic response of all the eigenfields, for example:
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γn(r)µu;n(s)νv
n(t)δw(X)′ = e−2πi(
n(r)+n(s)−n(t)
ρ(σ)
+u+v−w
2
)γn(r)µu;n(s)νv
n(t)δw(X) (6.17a)
Rn(r)µu;n(s)νv;n(t)δw;n(q)ǫy(X)′ =
= e−2πi(
n(r)+n(s)+n(t)+n(q)
ρ(σ)
+u+v+w+y
2
)Rn(r)µu;n(s)νv;n(t)δw;n(q)ǫy(X) (6.17b)
Rn(r)µu;n(s)νv(X)′ = e−2πi(
n(r)+n(s)
ρ(σ)
+u+v
2
)Rnrmu;n(s)νv(X) (6.17c)
Φn(r)µu(X)
′ = e−2πi(
n(r)
ρ(σ)
+u
2
)Φn(r)µu(X) . (6.17d)
The general rule for the automorphic responses of the eigenfields is a negative (positive)
phase for each down (up) index.
As above, these eigenfields are two-component fields in the two-dimensional space. For
example one has the forms of G,B and H in (4.21), as well as:
Gn(r)µu;n(s)νv(X) = Gn(r)µ;n(s)ν(u+v) (X) (6.18a)
γn(r)µu;n(s)νv
n(t)δw(X) = γ
(u+v−w)
n(r)µ;n(s)ν
n(t)δ(X) (6.18b)
Rn(r)µu;n(s)νv;n(t)δw;n(q)ǫy(X) = R(u+v+w+y)n(r)µ;n(s)ν;n(t)δ;n(q)ǫ(X) (6.18c)
Rn(r)µu;n(s)νv(X) = R(u+v)n(r)µ;n(s)ν(X) . (6.18d)
These relations are special cases of the general eigenfield identities
O n(s1)ν1v1;...;n(sn)νnvnn(r1)µ1u1;...;n(rm)µmum = O
(Σui−Σvj) n(s1)ν1;...;n(sn)νn
n(r1)µ1;...;n(rm)µm
(6.19a)
∂
∂Xn(r)µu
O n(t1)δ1w1;...;n(tn)δnwnn(s1)ν1v1;...;n(sm)νmvm = C
(u+Σvi−Σwj) n(t1)δ1;...;n(tn)δn
n(r)µ;n(s1)ν1;...n(sm)νm
(6.19b)
which follow from Eq. (6.9) and show the two-component structure for any eigenfield O.
6.3 Open-String Twisted Riemannian Geometry
We then use the principle of local isomorphisms
X −→
σ
xˆ, G −→
σ
Gˆ, B −→
σ
Bˆ, H −→
σ
Hˆ (6.20a)
γ −→
σ
Γˆ, R −→
σ
Rˆ, Φ −→
σ
φˆ (6.20b)
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to obtain the corresponding twisted fields in the open-string sectors. Relations among the
twisted fields include
Γˆn(r)µu;n(s)νv
n(t)δw(xˆ) = 12(∂ˆn(r)µuGˆn(s)νv;n(q)ǫx(xˆ) + ∂ˆn(s)νvGˆn(r)µu;n(q)ǫx(xˆ)
− ∂ˆn(q)ǫxGˆn(r)µu;n(s)νv(xˆ))Gˆn(q)ǫx;n(t)δw(xˆ) (6.21a)
∇ˆn(r)µuφˆn(s)νv(xˆ) = ∂ˆn(r)µuφˆn(s)νv(xˆ)− Γˆn(r)µu;n(s)νvn(t)δw(xˆ)φˆn(t)δw(xˆ) (6.21b)
where Γˆ is the twisted Christoffel symbol and φˆ is the orientation-orbifold dilaton vector.
The twisted Riemann tensor is constructed as usual from the twisted Christoffel symbol.
We note that the twisted Christoffel symbols appear in the classical bulk equations of
motion (
∂±δn(s)νv
n(r)µu − ∂±xˆn(t)δw(Γˆ(∓))n(t)δw;n(s)νvn(r)µu
)
∂∓xˆ
n(s)νv = 0 (6.22a)
Γˆ(±) ≡ Γˆ± 12Hˆ (6.22b)
which follow, as promised in Subsec. 5.3, by variation of the sigma-model orientation-
orbifold action.
Further applying the principle of local isomorphisms, we now discuss other properties
of the twisted fields, beginning with the space-time parities
Oˆ±(−xˆ) = ±Oˆ±(xˆ)
Oˆ+ = Gˆ, Hˆ and the Rˆ
′s, Oˆ− = xˆ, Bˆ, Γˆ and φˆn(r)µu (6.23)
which are the same as those of the corresponding untwisted fields.
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Similarly, each twisted field has only two independent reduced components
∂ˆn(r)µu(ξ) =
∂
∂xˆn(r)µu(ξ)
, ∂ˆn(r)µu(ξ)xˆ
n(s)νv
σ (ξ) = δn(r)−n(s),0mod ρ(σ)δµ
νδu−v,0mod 2 (6.24a)
Gˆn(r)µu;n(s)νv(xˆ) = Gˆ
(u+v)
n(r)µ;n(s)ν(xˆ) (6.24b)
Bˆn(r)µu;n(s)νv(xˆ) = Bˆ
(u+v)
n(r)µ;n(s)ν(xˆ) (6.24c)
Hˆn(r)µu;n(s)νv;n(t)δw(xˆ) = Hˆ
(u+v+w)
n(r)µ;n(s)ν;n(t)δ(xˆ) (6.24d)
Γˆn(r)µu;n(s)νv
n(t)δw(xˆ) = Γˆ
(u+v−w)
n(r)µ;n(s)ν
n(t)δ(xˆ) (6.24e)
Rˆn(r)µu;n(s)νv;n(t)δw;n(q)ǫy(xˆ) = Rˆ
(u+v+w+y)
n(r)µ;n(s)ν;n(t)δ;n(q)ǫ(xˆ) (6.24f)
Rˆn(r)µu;n(s)νv(xˆ) = Rˆ
(u+v)
n(r)µ;n(s)ν(xˆ) (6.24g)
Oˆ
n(s1)ν1v1;...;n(sn)νnvn
n(r1)µ1u1;...;n(rm)µmum
= Cˆ
(Σui−Σvj) n(s1)ν1;...;n(sn)νn
n(r1)µ1;...n(rm)µm
(6.24h)
and we have checked in detail that the reduced two-component structures are consistent
with the formulae of Riemannian geometry. In this demonstration, we found the following
formulae to be useful
∂ˆn(r)µuOˆ
n(t1)δ1w1;...;n(tn)δnwn
n(s1)ν1v1;...;n(sm)νmvm
= Cˆ
(u+Σvi−Σwj) n(t1)δ1;...;n(tn)δn
n(r)µ;n(s1)ν1;...n(sm)νm
(6.25a)
Γˆ
(w)
n(r)µ;n(s)ν
n(t)δ(xˆ) = 12
1∑
u=0
(∂ˆn(r)µuGˆ(w)n(s)ν;n(q)ǫ(xˆ) + ∂ˆn(s)νuGˆ
(w)
n(r)µ;n(q)ǫ(xˆ)
− ∂ˆn(q)ǫuGˆ(w)n(r)µ;n(s)ν(xˆ))Gˆn(q)ǫ;n(t)δ(u) (xˆ) (6.25b)
∇ˆn(r)µuOˆ n(t1)δ1w1;...;n(tn)δnwnn(s1)ν1v1;...;n(sm)νmvm = Dˆ
(u+Σvi−Σwj) n(t1)δ1;...;n(tn)δn
n(r)µ;n(s1)ν1;...n(sm)νm
(6.25c)
∇ˆn(r)µuφˆn(s)νv(xˆ) = ∂ˆn(r)µ0φˆn(s)ν,u+v(xˆ) +
1∑
w=0
Γˆ
(u+v−w)
n(r)µ;n(s)ν
n(t)δ(xˆ)φˆn(t)δw(xˆ) (6.25d)
where the general relation in (6.25a) follows by local isomorphisms from Eq. (6.19).
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In terms of the reduced quantities, we find the world-sheet parities
∇ˆn(r)µu(−ξ) = (−1)u+1∇ˆn(r)µu(ξ) (6.26a)
Gˆ
n(r)µ;n(s)ν
(w) (xˆ(−ξ)) = (−1)wGˆn(r)µ;n(s)ν(w) (xˆ(ξ)) (6.26b)
Γˆ
(w)
n(r)µ;n(s)ν
n(t)δ(xˆ(−ξ)) = (−1)w+1Γˆ(w)n(r)µ;n(s)νn(t)δ(xˆ(ξ)) (6.26c)
Rˆ
(w)
n(r)µ;n(s)ν;n(t)δ;n(q)ǫ(xˆ(−ξ)) = (−1)wRˆ(w)n(r)µ;n(s)ν;n(t)δ;n(q)ǫ(xˆ(ξ)) (6.26d)
Rˆ
(w)
n(r)µ;n(s)ν(xˆ(−ξ)) = (−1)wRˆ(w)n(r)µ;n(s)ν(xˆ(ξ)) (6.26e)
φˆn(r)µu(xˆ(−ξ)) = (−1)u+1φn(r)µu(xˆ(ξ)), u¯, w¯ ∈ {0, 1} (6.26f)
which should be considered together with those given earlier in Eq. (5.16).
Following the procedure shown in Fig. 3, we have already given the explicit forms of
Gˆ, Bˆ and Hˆ in Eqs. (5.18), (5.19), and we similarly give the explicit forms of the other
twisted fields:
Gˆn(r)µu;n(s)νv(xˆ) = GiI˙;jJ˙(x→
σ
Xˆ(xˆ))χ−1n(r)µχ
−1
n(s)νU
†
i
n(r)µU †j
n(s)ν( 1√
2
U † I˙
u)( 1√
2
U †J˙
v) (6.27a)
Gˆ
n(r)µ;n(s)ν
(w) (xˆ)=
1
4
(
Gij(x0→
σ
Xˆ
0
(xˆ)) + (−1)wGij(x1→
σ
Xˆ
1
(xˆ))
)
×
× χ−1n(r)µχ−1n(s)νU † n(r)µi U † n(s)νj (6.27b)
Γˆn(r)µu;n(s)νv
n(t)δw(xˆ) = χn(r)µχn(s)νχ
−1
n(t)δUn(r)µ
iUn(s)ν
jU †k
n(t)δ×
× (
√
2Uu
I˙)(
√
2Uv
J˙)( 1√
2
U †K˙
w)ΓiI˙;jJ˙
kK˙(x→
σ
Xˆ(xˆ)) (6.27c)
Γˆ
(w)
n(r)µ;n(s)ν
n(t)δ(xˆ) = 12χn(r)µχn(s)νχ
−1
n(t)δUn(r)µ
iUn(s)ν
jU †k
n(t)δ ×
×
(
Γij
k(x0→
σ
Xˆ
0
(xˆ)) + (−1)wΓijk(x1→
σ
Xˆ
1
(xˆ))
)
(6.27d)
Rˆn(r)µu;n(s)νv(xˆ) =χn(r)µχn(s)νUn(r)µ
iUn(s)ν
j(
√
2Uu
I˙)(
√
2Uv
J˙)RiI˙;jJ˙(x→σ Xˆ(xˆ)) (6.27e)
Rˆ
(w)
n(r)µ;n(s)ν(xˆ) =χn(r)µχn(s)νUn(r)µ
iUn(s)ν
j
(
Rij(x
0→
σ
Xˆ
0
(xˆ))+(−1)wRij(x1→
σ
Xˆ
1
(xˆ))
)
(6.27f)
φˆn(r)µu(xˆ) = χn(r)µUn(r)µ
i(
√
2Uu
I˙)φiI˙(x→σ Xˆ(xˆ))
= χn(r)µUn(r)µ
i(
√
2Uu
I˙)φi(x
I˙→
σ
Xˆ
I˙
(xˆ)) . (6.27g)
Here Gij ,Γij
k, Rij and φi are the original untwisted Einstein fields and Xˆ is the Einstein
coordinate with twisted boundary conditions (see Fig. 3 and Eq. (5.17)). Including the
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results in Eq. (5.18), the general rule for the unreduced explicit forms (with the full set of
n(r)µu indices) is x −→
σ
Xˆ(xˆ) and a factor χU(σ)
√
2U or χ−1U †(σ) 1√
2
U † respectively for
each set of down or up indices.
For the special case of the dilaton solution, we obtain the particular form of the
orientation-orbifold dilaton vector
φˆn(r)µu(xˆ) = χn(r)µUn(r)µ
i(
√
2Uu
I˙)
∂
∂Xˆ
iI˙
φ(Xˆ
I˙
(xˆ)) (6.28a)
= χn(r)µUn(r)µ
i(
√
2Uu
I˙)
∂
∂Xˆ
iI˙
(φ(Xˆ
0
(xˆ)) + φ(Xˆ
1
(xˆ))) (6.28b)
= ∂ˆn(r)µuφˆ(xˆ) (6.28c)
φˆ(xˆ) ≡ φ(Xˆ0(xˆ)) + φ(Xˆ1(xˆ)) (6.28d)
where we used Eqs. (6.7f), (6.27g) to obtain Eq. (6.28a), and Eq. (5.17e) to obtain the final
form in Eq. (6.28c). Here φ(x) is the original untwisted dilaton and φˆ(xˆ) is the orientation-
orbifold dilaton. The world-sheet and space-time parities of the orientation-orbifold dilaton
φˆ(xˆ(−ξ)) = φˆ(xˆ(ξ)), φˆ(−xˆ(ξ)) = φˆ(xˆ(ξ)) (6.29)
follow from the corresponding properties of the orientation-orbifold dilaton vector and the
dilaton therefore falls in the class Oˆ+ (see Eq. (6.23)) of orientation-orbifold operators.
6.4 The Twisted Einstein Equations of Open-String Sector hˆσ
The two-component Einstein equations in Eq. (6.7) are easily reexpressed in terms of the
corresponding Riemannian eigenfields, and then the principle of local isomorphisms gives
the orientation-orbifold Einstein equations
Rˆn(r)µu;n(s)νv(xˆ) +
+ 14Hˆn(t)δw;n(r)µu
n(q)ǫx(xˆ)Hˆn(t)δwn(q)ǫx;n(s)νv(xˆ)− 2∇ˆn(r)µuφˆn(s)νv(xˆ) = 0 (6.30a)(
∇ˆn(t)δw − 2φˆn(t)δw(xˆ)
)
Hˆn(t)δwn(r)µu;n(s)νv(xˆ) = 0 (6.30b)
for each open-string sector hˆσ of AM(H−)/H−. When the corresponding untwisted Einstein
fields solve the untwisted Einstein equations, the principle of local isomorphisms guarantees
that the explicit forms of the twisted fields in Eqs. (5.18) and (6.27) solve the orientation-
orbifold Einstein equations.
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As always, the orientation-orbifold Einstein equations (6.30) have only two independent
components in the two-dimensional space, and the reduced two-component form of this
system is
Rˆ
(w)
n(r)µ;n(s)ν(xˆ)+
1
2
1∑
u=0
Hˆ
(u)
n(t)δ;n(r)µ
n(q)ǫ(xˆ)Hˆn(t)δ
(w−u)
n(q)ǫ;n(s)ν(xˆ)−2∇ˆn(r)µ0φˆn(s)νw(xˆ)=0 (6.31a)
∇ˆn(t)δ0Hˆn(t)δ (w)n(r)µ;n(s)ν(xˆ)−
1∑
u=0
φˆn(t)δu(xˆ)Hˆ
n(t)δ (w−u)
n(r)µ;n(s)ν(xˆ) = 0, w¯ = 0, 1 (6.31b)
where we have used the identity in Eq. (6.25c). The different numerical factors here are
the result of performing internal sums on u, v indices.
We know that the orientation-orbifold Einstein equations (6.30), (6.31) hold in each
open-string sector hˆσ when the original untwisted closed string theory was conformal
through one loop. Moreover, Ref. [25] gives a general argument (starting from any con-
formal closed string theory) that each resulting open-string orientation-orbifold sector hˆσ
always contains the full orbifold Virasoro algebra
[Lˆu(m+
u
2 ), Lˆv(n+
v
2)] = (m−n+ u−v2 )Lˆu+v(m+n+ u+v2 )
+ δ
m+n+
u+v
2 ,0
2c
12
(m+ u2 )((m+
u
2 )
2 − 1) (6.32)
with the characteristically-doubled central charge cˆ = 2c. Therefore one expects that the
orientation-orbifold Einstein system is the necessary and sufficient condition that the open-
string orientation-orbifold sector satisfies the orbifold Virasoro algebra through one loop.
It would be interesting to check this conclusion explicitly at one loop using the Feynman
diagrams associated to the sigma-model orientation-orbifold action (5.20).
6.5 Monodromies and Boundary Conditions
When h2σ = 1, the principle of local isomorphisms also gives us the monodromies of all the
twisted fields in the orientation-orbifold Einstein equations:
h2σ = 1: automorphic responses −→
σ
monodromies (6.33a)
xˆn(r)µuσ (ξ + 2π) = xˆ
n(r)µu
σ (ξ)e
2πi(n(r)
ρ(σ)
+u
2
), ∂ˆn(r)µu(ξ + 2π) = e
−2πi(n(r)
ρ(σ)
+u
2
)∂ˆn(r)µu(ξ) (6.33b)
Gˆ
(w)
n(r)µ;n(s)ν(xˆ(ξ + 2π)) = e
−2πi(n(r)+n(s)
ρ(σ)
+w
2
)
Gˆ
(w)
n(r)µ;n(s)ν(xˆ(ξ)) (6.33c)
Bˆ
(w)
n(r)µ;n(s)ν(xˆ(ξ + 2π)) = e
−2πi(n(r)+n(s)
ρ(σ)
+w
2
)Bˆ
(w)
n(r)µ;n(s)ν(xˆ(ξ)) (6.33d)
Hˆ
(w)
n(r)µ;n(s)ν;n(t)δ(xˆ(ξ + 2π)) = e
−2πi(n(r)+n(s)+n(t)
ρ(σ)
+w
2
)Hˆ
(w)
n(r)µ;n(s)ν;n(t)δ(xˆ(ξ)) (6.33e)
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Γˆ
(w)
n(r)µ;n(s)ν
n(t)δ(xˆ(ξ + 2π)) = e−2πi(
n(r)+n(s)−n(t)
ρ(σ)
+w
2
)Γˆ
(w)
n(r)µ;n(s)ν
n(t)δ(xˆ(ξ)) (6.33f)
Rˆ
(w)
n(r)µ;n(s)ν;n(t)δ;n(q)ǫ(xˆ(ξ + 2π)) = e
−2πi(n(r)+n(s)+n(t)+n(q)
ρ(σ)
+w
2
)Rˆ
(w)
n(r)µ;n(s)ν(xˆ(ξ)) (6.33g)
Rˆ
(w)
n(r)µ;n(s)ν(xˆ(ξ + 2π)) = e
−2πi(n(r)+n(s)
ρ(σ)
+w
2
)Rˆ
(w)
n(r)µ;n(s)ν(xˆ(ξ)) (6.33h)
φˆn(r)µu(xˆ(ξ + 2π)) = e
−2πi(n(r)
ρ(σ)
+u
2
)φˆn(r)µu(xˆ(ξ)) → φˆ(xˆ(ξ + 2π)) = φˆ(xˆ(ξ)) . (6.33i)
The general rule here, as in space-time orbifold theory, is a negative phase for each down
index and a positive phase for each up index. We note in particular that the orientation-
orbifold dilaton, like the space-time orbifold dilaton [24], has trivial monodromy.
Using the monodromies (6.33) along with the world-sheet parities (5.16), (6.26) in the
form
Oˆ
(w)
± (xˆ(−ξ)) = ±(−1)wOˆ(w)± (xˆ(ξ)) (6.34a)
Oˆ+ = Gˆ, Hˆ, the Rˆ
′s, φˆ, ∂tOˆ+ and ∂ξOˆ− (6.34b)
Oˆ− = xˆ, Bˆ, Γˆ, φˆn(r)µu, ∂tOˆ− and ∂ξOˆ+ (6.34c)
we may derive, as above, the following boundary conditions on the twisted fields:
For Oˆ
(w) n(s1)ν1;...;n(sn)νn
n(r1)µ1;...;n(rm)µm
(xˆ), define N ≡
m∑
i=1
n(ri)−
n∑
j=1
n(sj)
then Oˆ
(1)
+ (xˆ(0)), Oˆ
(0)
− (xˆ(0)) = 0 (6.35a)
Oˆ
(w)
+ (xˆ(π)) = 0 unless
N
ρ(σ) ∈ Z (6.35b)
Oˆ
(w)
− (xˆ(π)) = 0 unless
N
ρ(σ) ∈ Z+ 12 . (6.35c)
We mention in particular that the orientation-orbifold dilaton φˆ falls in the class Oˆ+ with
the specific values N = w = 0. We finally note that as usual, the boundary conditions
(6.35a) at ξ = 0 follow directly from world-sheet parity alone, and hence hold for all hˆσ.
7 Discussion
In this paper we have provided a description at the action level of the WZW orientation
orbifolds, which were constructed at the operator level in Ref. [25]. We have moreover
extended this classical description to include the action formulation of a large class of sigma-
model orientation orbifolds, and their associated orientation-orbifold Einstein equations.
Directions for future work include the following:
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1) For the WZW orientation orbifolds it may be possible to find more restrictive boundary
conditions for the basic fields gˆ at ξ = π when h2σ 6=1, consistent with the variational and
twisted current boundary conditions discussed in the text. Such boundary conditions on
gˆ may follow by a detailed analysis of the classical equations of motion (3.20), using the
known monodromies of the currents, as seen for the free bosonic strings in Ref. [25] and
Subsec. 5.6.
2) It may similarly be possible to find more restrictive boundary conditions for the basic
fields of the coset orientation orbifolds. Additionally, by relaxing our provisional assumption
that the WZW orientation-orbifold boundary conditions survive the gauging, more general
variational boundary conditions can also be studied.
3) More restrictive boundary conditions on the basic fields of the general sigma-model
orientation orbifolds are particularly desirable – because for h2σ 6= 1 at ξ = π we have so
far only found the variational boundary conditions. As seen for WZW and the free boson
models, possibilities here include study of various sigma-model analogues of the currents.
4) As seen for ordinary orbifolds in Ref. [24], the linear symmetry conditions (5.10) im-
ply selection rules for the coefficients in the moment expansions of the twisted Einstein
tensors. In ordinary orbifolds such selection rules are known to connect the monodromies
of the twisted Einstein tensors with the monodromy of the twisted Einstein coordinates
xˆ. Although we will not pursue this topic here, the corresponding selection rules for the
orientation orbifolds may similarly connect the boundary conditions of the twisted Einstein
tensors with those of xˆ.
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A Useful Identities
In the computations of the text, we found the following identities useful
ρ0 =
(
1 0
0 0
)
, ρ1 =
(
0 0
0 1
)
, τ1ρI˙τ1 = 1l− ρI˙ = (τ1)I˙ J˙ρJ˙ (A.1)
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(τ1)I˙
K˙(τ1)J˙
K˙ = δI˙ J˙(τ1)I˙
K˙ , I˙, J˙ , K˙ ∈ {0, 1} (A.2)
√
2
1∑
I˙=0
Uu
I˙UρI˙U
† = τu,
√
2
1∑
I˙=0
Uu
I˙U(1l− ρI˙)U † = (−1)uτu, u = 0, 1 (A.3a)
Uτ1 = τ3U,
√
2
1∑
I˙=0
Uu
I˙Uv
I˙(U †)I˙
w = δu+v+w,0mod 2 (A.3b)
2n/2
1∑
I˙=0
Uu1
I˙ · · ·Uun I˙f(xI˙) = f(x0) + (−1)
∑n
i=1 uif(x1) (A.3c)
where ~τ are the Pauli matrices and τ0=1l is the 2x2 unit matrix.
B Space-Time Parity in Coset CFTs
In this appendix, we will study the space-time parities of the Einstein fields G,B and the
dilaton φ for any g/h coset CFT [6, 7, 33, 12] with G/H a reductive coset space.
We begin with the well-known form [39-43] of the total G and B fields in the coset CFT:
(G(x) +B(x))totij = (G(x) +B(x))ij +∆(G(x) +B(x))ij (B.1a)
∆(G(x) +B(x))ij ≡ −2(e(x)iaˆGaˆcˆ)(e¯(x)j bˆGbˆdˆ)X−1(x)cˆdˆ (B.1b)
X(x)aˆbˆ ≡ Gaˆbˆ − Ω(x)aˆbˆ, Ω(x)ab = Ω(x)acGcb (B.1c)
i, j = 1 . . .dim g, a, b = 1 . . .dim g, aˆ, bˆ = 1 . . .dim h . (B.1d)
Here the quantities G(x), B(x), e(x), e¯(x) and Ω(x) are the standard WZW quantities in
Eq. (4.1). The tangent-space metric Gab of g is block diagonal in h and g/h and Gaˆbˆ is
the invertible induced metric on h ⊂ g. We already know (see Eq. (4.6b)) that the WZW
metric and B field exhibit the space-time parities
Gij(−x) = Gij(x), Bij(−x) = −Bij(x) (B.2)
so it is only necessary to study the extra contributions ∆(G +B) in (B.1b).
In this discussion the following identities are useful
ΩT (x)ac = Ω(x)ca = Ω(x)c
dGda = Ω
−1(x)a
dGdc = Ω
−1(x)ac (B.3a)
Ω(−x)ab = Ω−1(x)ab = ΩT (x)ab (B.3b)
e(−x)ia = −e¯(x)ia, e¯(−x)ia = −e(x)ia (B.3c)
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where superscript T is transpose. Because G/H is reductive, all these relations can be
restricted to h, e. g.
Ω(x)cˆ
dˆGdˆaˆ = Ω
−1(x)aˆ
dˆGdˆcˆ (B.4)
and it follows that:
X(−x)aˆbˆ = XT (x)aˆbˆ, X−1(−x)aˆbˆ = X−1T (x)aˆbˆ . (B.5)
Then we may compute
∆(G(−x) +B(−x))ij = −2(e(−x)iaˆGaˆcˆ)(e¯(−x)j bˆGbˆdˆ)X−1(−x)cˆdˆ (B.6a)
= −2(e¯(x)iaˆGaˆcˆ)(e(x)j bˆGbˆdˆ)X−1T (x)cˆdˆ
= −2(e(x)j aˆGaˆcˆ)(e¯(x)ibˆGbˆdˆ)X−1(x)cˆdˆ
= ∆(G(x) +B(x))ji (B.6b)
and this result implies the space-time parities of ∆G and ∆B separately
∆Gij(−x) = ∆Gij(x), ∆Bij(−x) = −∆Bij(x) (B.7)
because they are respectively the symmetric and antisymmetric parts of ∆(G+B).
The final result for the space-time parities of the total coset G and B
Gtotij (−x) = Gtotij (x), Btotij (−x) = −Btotij (x) (B.8)
then follows immediately from Eqs. (B.2) and (B.7).
The formula for the coset dilaton is also well-known [39-43,50]
φ(x) = −12 ln det(X(x)), φi(x) ≡ ∇iφ(x) = ∂iφ(x) (B.9)
where this φi is the special dilaton vector associated to the dilaton. The space-time parities
of the dilaton and dilaton vector
φ(−x) = −12 ln det(XT (x)) = φ(x), φi(−x) = −φi(x) (B.10)
follow immediately from Eq. (B.5).
These space-time parities and the discussion of the Subsecs. 5.1 and 6.1 show explicitly
that all (reductive) g/h coset CFTs admit the basic orientation-reversing automorphism, at
least through one loop. We know of course from the operator form of the coset orientation-
orbifold stress tensors in Eq. (5.34) that the basic orientation-reversal is an automorphism
of the coset CFT to all orders.
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